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1 ^5L«Eê� C �I²¡¡�E²¡, �^ C 5L«.

2 rE²¡ Oxy ¥� x ¶¡�¢¶, r y ¶¡�J¶.

½Â 1 (�ÝÚ�)

e a, b ∈ R, K

1 ¡ a− b i � a+ b i ��Ý, P� a+ b i.

2 ¡
√
a2 + b2 � a+ b i �� (½ýé�, ½�Ý), P� |a+ b i|.
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½n 1 (�ÝÚ��5�)

1 e z ∈ C, K (z) = z, z + z = 2Re(z), z − z = 2 i Im(z).

2 e z ∈ C, K |z| = |z|, |z|2 = zz, |Re(z)| ≤ |z|, |Im(z)| ≤ |z|.

3 e z ∈ C, K z ´¢ê�¿�^�� z = z.

4 e z ∈ C \ {0}, K z ´XJê�¿�^�� z = −z.

5 e z ∈ C, K |z| ≥ 0; ¿�, |z| = 0 �¿�^�� z = 0.

6 e z1, z2 ∈ C, K z1 ± z2 = z1 ± z2, z1 · z2 = z1 · z2.

7 e z1 ∈ C, z2 ∈ C \ {0}, K
(z1
z2

)
=
z1
z2

.

8 e z1, z2 ∈ C, K |z1 · z2| = |z1| · |z2|; � z2 6= 0 �k
∣∣∣z1
z2

∣∣∣ = |z1||z2| .
9 e z1, z2 ∈ C, K |z1 ± z2| ≤ |z1|+ |z2|,

∣∣|z1| − |z2|∣∣ ≤ |z1 − z2|.
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(Ø (1), (2), (3), (4), (5), (6) ����y.

(7) � z1 ∈ C, z2 ∈ C \ {0}. Ï
(z1
z2

)
· z2 =

z1
z2
· z2 = z1, �

(z1
z2

)
=
z1
z2

.

(8) Ï

|z1 · z2|2 = (z1 · z2) · z1 · z2 = (z1 · z2) · (z1 · z2)

= (z1 · z1) · (z2 · z2)

= |z1|2|z2|2 = (|z1| · |z2|)2,

� |z1 · z2| = |z1| · |z2|.

e z2 6= 0, K
∣∣∣z1
z2

∣∣∣ · |z2| = ∣∣∣z1
z2
· z2
∣∣∣ = |z1|, � ∣∣∣z1

z2

∣∣∣ = |z1||z2| .
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(9) Ï�

|z1 + z2|2 = (z1 + z2)z1 + z2 = (z1 + z2)(z1 + z2)

= z1z1 + z1z2 + z1z2 + z2z2 = |z1|2 + z1z2 + z1z2 + |z2|2

= |z1|2 + 2Re(z1z2) + |z2|2 ≤ |z1|2 + 2|z1z2|+ |z2|2

= |z1|2 + 2|z1| · |z2|+ |z2|2 = |z1|2 + 2|z1| · |z2|+ |z2|2

= (|z1|+ |z2|)2,

� |z1+z2| ≤ |z1|+ |z2|. d |z1| ≤ |z1−z2|+ |z2|� |z1|− |z2| ≤ |z1−z2|.

�� z1, z2, q�� |z2| − |z1| ≤ |z2 − z1| = |z1 − z2|.

¤±
∣∣|z1| − |z2|∣∣ ≤ |z1 − z2|.
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~ 1

�Eê α ÷v |α| < 1. y²: eEê z ÷v |z| < 1, K
|z − α|
|1− αz|

< 1.

). �Iy |z − α| < |1− αz|, = |z − α|2 < |1− αz|2. ¯¢þ,

|1− αz|2 − |z − α|2 = (1− αz)(1− αz)− (z − α)(z − α)

= (1− αz)(1− αz)− (z − α)(z − α)

= (1− αz − αz + |αz|2)− (|z|2 + |α|2 − αz − αz)

= 1− |z|2 − |α|2 + |α|2|z|2

= (1− |α|2)(1− |z|2) > 0.
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½Â 2 (Ë�)

� z ´�"Eê, §3�I²¡þ¤(½�:� P .

1 z �Ë�´�± x ¶��¶�©>, ±�� OP �ª>�k��.

2 ^ Argz L« z �¤k�Ë�¤�¤�8Ü.

3 �"Eê z �÷v 0 ≤ θ < 2π �Ë�¡� z �Ë��Ì�, P�

arg z.

5 1. z��"EêÑkË�. ��`�Ë�, 7,´�"Eê�Ë�.

5 2. e θ ´ z ���Ë�, Ké?¿� k ∈ Z, θ + 2kπ Ñ´ z �Ë�,

Ïd z okÃ¡õ�Ë�.
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5 3. ,��¡, z �?¿ü�Ë���7,´ 2π ��ê�, ¤±

Argz = {arg z + 2kπ : k ∈ Z}.

5 4. é?¿�"Eê z, arg z ´��(½�, ¿�

arg : C \ {0} → [0, 2π)

´÷�.

5 5. 5½Ë��Ì�«m [0, 2π) Ø´ýé�, ¢Sþ, ?¿�½���

Ý� 2π �m�4«m��Ì�«mÑ´�±�, ~X (−π,π].
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� |z| = r > 0, θ ´ z ���Ë�, K

Re(z) = r cos θ, Im(z) = r sin θ,

Ïdk
z = r(cos θ + i sin θ).

þª¡� z ���n�ª.

5¿, Eê�n�ªØ´���, Ù¥ θ �±� 2π ��ê�.

~ 2

¦ arg(1− 2 i).

). Ï 1−2 i =
√
5
( 1√

5
+
−2√
5
i
)
,� arg(1−2 i) = − arcsin

2√
5
+2π.
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~ 3

� z = 1− cosα+ i sinα, Ù¥ 0 < α < 2π. ¦ |z| Ú Argz.

). d 0 < α < 2π � Re(z) 6= 0, � z 6= 0. d��úª�

z = 1− cosα+ i sinα = 2 sin2
α

2
+ 2i sin

α

2
cos

α

2

= 2 sin
α

2

(
sin

α

2
+ i cos

α

2

)
= 2 sin

α

2

(
sin
(π
2
− α

2

)
+ i cos

(π
2
− α

2

))
.

¤± |z| = 2 sin
α

2
, Argz =

{π
2
− α

2
+ 2kπ : k ∈ Z

}
.
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��¡�?Ø�BO, éu/X {θ + 2kπ : k ∈ Z} �8Ü

A = {α+ 2kπ : k ∈ Z}, B = {β + 2kπ : k ∈ Z},

·��½

A+B = {α+ β + 2kπ : k ∈ Z},

A−B = {α− β + 2kπ : k ∈ Z},

−A = {−α+ 2kπ : k ∈ Z}.
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½n 2 (Ë��5�)

1 e z ∈ C \ {0}, K Argz = −Argz.

2 e z1, z2 ∈ C\{0}, K

Arg(z1 · z2) = Argz1 +Argz2, Arg
(z1
z2

)
= Argz1 −Argz2.

3 (De Moivre úª) e θ ∈ R, n ∈ Z, K

(cos θ + i sin θ)n = cosnθ + i sinnθ.
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� z1 = r(cosα+ i sinα), z2 = s(cosβ + i sinβ) Ñ´�"Eê, K

z1 · z2 = rs(cosα+ i sinα)(cosβ + i sinβ)

= rs((cosα cosβ − sinα sinβ) + i (sinα cosβ + cosα sinβ))

= rs(cos(α+ β) + i sin(α+ β)),

� α+ β ´ z1 · z2 ���Ë�, Ïd

Arg(z1 · z2) = {α+ β + 2kπ : k ∈ Z}

= {α+ 2kπ : k ∈ Z}+ {β + 2kπ : k ∈ Z}

= Arg(z1) + Arg(z2).
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~ 4

y²: arctan
11

2
= 3 arctan

1

2
.

). � z = 2 + i, K arg z = arctan
1

2
. Ï z3 = (2 + i)3 = 2 + 11 i, �

arg(z3) = arctan
11

2
. Ï

Arg(z3) = Arg(z) + Arg(z) + Arg(z) = {3 arctan 1

2
+ 2kπ : k ∈ Z},

��3 k ∈ Z, ¦� arctan
11

2
= 3 arctan

1

2
+ 2kπ.

d 0 < 3 arctan
1

2
+ 2kπ <

π

2
, �

−3π
2

< −3 arctan 1

2
< 2kπ <

π

2
− 3 arctan

1

2
<

π

2
,

� k = 0. ¤± arctan
11

2
= 3 arctan

1

2
.
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~ 5

y² (Vieta ð�ª):

cos(nθ) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ cos

kπ

2
,

sin(nθ) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ sin

kπ

2
.
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). �â De Moivre úªÚ��ª½n, k

cosnθ + i sinnθ = (cos θ + i sin θ)n =

n∑
k=0

(
n

k

)
ik cosn−k θ sink θ.

Ï ik = (cos
π

2
+ i sin

π

2
)k = cos

kπ

2
+ i sin

kπ

2
, �

cosnθ = Re((cos θ + i sin θ)n) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ cos

kπ

2
,

sinnθ = Im((cos θ + i sin θ)n) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ sin

kπ

2
.



16/19

½Â 3

� n ���ê. eEê z, w ÷v wn = z, K¡ z ´ w � n g�, ¡ w

´ z � n g��.

½n 3

� z = r(cos θ + i sin θ), Ù¥ r > 0, K z Tk n � n g��:

wk = r
1
n

(
cos
( θ
n
+

2kπ

n

)
+ i sin

( θ
n
+

2kπ

n

))
, k = 0, 1, · · · , n− 1.

5 1. e n ´��ê, K?¿Eêok n g��.

5 2. ��ê n ≥ 2 �, wk ©Ù3±�:�¥%, ± r
1
n ��»��±

þ, ¿�§�TÐr�± n �©.
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5 3. é k ∈ {0, 1, 2, · · · , n− 1}, ¡

ωk =
(
cos

2π

n
+ i sin

2π

n

)k
� n gü �. Ø ω0 = 1 �	, Ù{� ω1, ω2, · · · , ωn−1 TÐ´�§

zn−1 + zn−2 + · · ·+ z + 1 = 0

� n− 1 ��. õ�ª zn−1 + zn−2 + · · ·+ z + 1 ¡�©�õ�ª.

5 4. d¦{�5�� z = r(cos θ + i sin θ) � n g���L�

wk = r
1
n

(
cos

θ

n
+ i sin

θ

n

)
·
(
cos

2π

n
+ i sin

2π

n

)k
= r

1
n

(
cos

θ

n
+ i sin

θ

n

)
· ωk.
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~ 6

eEê z ÷v z3 = 8, ¦ z2 + 2z + 3 ��.

). Ï
(z
2

)3
= 1, � z = 2ω (Ù¥ ω ´ 3 gü �).

e ω = 1, K z = 2, � z2 + 2z + 3 = 11.

e ω 6= 1, K ω2 + ω + 1 = 0, Ïd

z2 + 2z + 3 = (2ω)2 + 2(2ω) + 3 = 4(ω2 + ω + 1)− 1 = −1.

5. é ω 6= 1 ��¹, ���{´|^ ω2 = −ω − 1 5üg.
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~ 7

e α2 + αβ + β2 = 0 � α, β 6= 0, ¦
( α

α+ β

)2023
+
( β

α+ β

)2023
.

). d
(α
β

)2
+
α

β
+ 1 = 0 Ú

(β
α

)2
+
β

α
+ 1 = 0, �

α

β
Ú

β

α
Ñ÷v�

§ z3 = 1. d α(α+ β) = −β2 6= 0, � α+ β 6= 0, �

α

α+ β
= −β

α
,

β

α+ β
= −α

β
,

Ïd ( α

α+ β

)2023
+
( β

α+ β

)2023
=
(
− β

α

)2023
+
(
− α

β

)2023
=−

((β
α

)2023
+
(α
β

)2023)
= −

((β
α

)3·674+1
+
(α
β

)3·674+1)
=−

(β
α
+
α

β

)
= −α

2 + β2

αβ
= 1.


