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~ 1

���o��ê� {an}, ÷v Sn = npan (p �~ê), � a1 6= a2. ¦Ï

�.

). d a1 + a2 = S2 = 2pa2, � (2p− 2)a2 = a1 − a2 6= 0, � p 6= 1.

qd a1 = S1 = pa1 � a1 = 0, a2 6= 0.

d a2 = S2 = 2pa2, � p =
1

2
, Ïd Sn =

n

2
an.

d an+1 = Sn+1 − Sn =
n+ 1

2
an+1 −

n

2
an, � (n− 1)an+1 = nan.

ò (n− 1)an+1 = nan Ú nan+2 = (n+ 1)an+1 üª�\�

an + an+2 = 2an+1,

� {an} ´��ê�.

2d a1 = 0, d = a2 − a1 = a2, �Ï� an = (n− 1)a2.
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~ 2

�ê� {an} c n �Ú� Sn, y²:

(1) e Sn =
n(a1 + an)

2
, K {an} ´��ê�;

(2) e Sn =
a1 − anq
1− q

, K {an} ´�'ê�.

). Ï 2an+1 = 2Sn+1 − 2Sn = (n + 1)(a1 + an+1) − n(a1 + an), �

a1 + (n − 1)an+1 = nan. Ïd�k a1 + nan+2 = (n + 1)an+1. ¤±

an + an+2 = 2an+1.

♣ d Sn =
n(a1 + an)

2
, � a1, a2 �(½ a3. ��/, d a1, a2, · · · , ak

(k ≥ 2) �(½ ak+1, ¤±ê�dÙcü���(½, �÷v^��ê�

=�¤¦. 
d a1, a2 (½���ê� {an} Ò÷vù�^�.



3/22

~ 3

®� {an} ÷v a1 =
1

2
, an+1 = an +

1

n2 + n
, ¦ an.

). ÷vK¿� {an} ´��(½�, ¤±eUé���ê�÷vK�^

�, KÙÏ�úª=�¤¦. d

an+1 − an =
1

n
− 1

n+ 1
=
(
k − 1

n+ 1

)
−
(
k − 1

n

)
,

� an = k − 1

n
÷v4í'X.

2d a1 =
1

2
� an =

3

2
− 1

n
÷vK¥¤k^�.
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~ 4

®� {an} ÷v a1 =
2

3
, an+1 =

n

n+ 1
an. ¦ an.

). d

an+1

an
=

n

n+ 1
=

k

n+ 1
k

n

(k 6= 0), � ak =
k

n
÷v4í'X. 2d a1 =

2

3
� an =

2

3n
.
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~ 5

ê� {an} ¥, a1 = 1, �÷v nSn+1 − (n+ 3)Sn = 0. ¦ an.

). d nSn+1 = (n+ 3)Sn, � (n+ 1)Sn+2 = (n+ 4)Sn+1. üª�~�

(n+ 1)Sn+2 − nSn+1 = (n+ 4)Sn+1 − (n+ 3)Sn

= (n+ 1)an+2 = (n+ 3)an+1, Ïdk

an+2

(n+ 2)(n+ 3)
=

an+1

(n+ 1)(n+ 2)
.

¤±ê�
{ an+1

(n+ 1)(n+ 2)

}
´~ê�.

2d a1 = 1, a2 = 3 �
{ an
n(n+ 1)

}
�´~ê�. ¤±

an
n(n+ 1)

=
a1
2

=
1

2
.
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~ 6

ê� {an} ¥, a1 = 2, � 3(a1+ a2+ · · ·+ an) = (n+2)an. ¦ an 9 Sn.

). d

3Sn+1 = (n+ 3)an+1 = (n+ 3)(Sn+1 − Sn),

�

nSn+1 − (n+ 3)Sn = 0.

Óþ~, �� Sn =
n(n+ 1)(n+ 2)

3
, an = n(n+ 1).
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~ 7

�ê� {an} ÷v a1 = 2, an+1 = 4an − 3n+ 1, ¦ an.

). d

an+1

4n+1
=
an
4n

+
−3n+ 1

4n+1

�

an+1 − (n+ 1)

4n+1
=
an − n
4n

,

¤±
an − n
4n

�~ê
1

4
.

♣ ?�Ú¯: eê� {an} ÷v a1 = c, an+1 = ran + f(n) (Ù¥ c, r Ñ

´�"~ê, f(x) ´õ�ª), XÛ¦ an ?
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~ 8

ê� {an} ¥, a1 = 1, an+1 =
(
1 +

1

n

)
an +

n+ 1

2n
, ¦ an.

). d

an+1

n+ 1
=
an
n

+
1

2n
,

�

an+1

n+ 1
+

1

2n
=
an
n

+
1

2n−1
,

�

an
n

+
1

2n−1
= 2,

¤± an = 2n− n

2n−1
.
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~ 9

ê� {an} ÷v a1 = a, an+1 = Sn + 3n, ¦ an.

). d an+1 = Sn + 3n, � Sn+1 − Sn = Sn + 3n, =

Sn+1 = 2Sn + 3n,

�
Sn+1

2n+1
− 3n+1

2n+1
=
Sn
2n
− 3n

2n
. Ïd

Sn
2n
− 3n

2n
=
a1 − 3

2
, =

Sn = (a− 3)2n−1 + 3n.

¤±

an =


a, n = 1;

(a− 3)2n−2 + 2 · 3n−1, n ≥ 2.
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~ 10

ê� {an} ÷v ban − 2n = (b− 1)Sn (b 6= 0, 2), ¦ an.

). ´� a1 = 2, an+1 = ban + 2n, =

an+1

bn+1
=
an
bn

+
2n

bn+1
,

Ïd

an+1

bn+1
+

1

b− 2

(2
b

)n+1
=
an
bn

+
1

b− 2

(2
b

)n
.

¤±

an
bn

+
1

b− 2

(2
b

)n
=

2(b− 1)

b(b− 2)
,

= an =
1

b− 2

(
2(b− 1)bn−1 − 2n

)
.
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~ 11

ê� {an} ÷v a1 = 1, an+1 =
an

1 + an
(n ∈ N+). ¦ {an}.

). O�Ñ a1, a2, a3, a4. N´8BÑ an =
1

n
. qK�¥�ê����

3, 
 an =
1

n
÷vK�¥¤k^�, � an =

1

n
=�¤¦.

♣ ½ky an ðØ�", 2- bn =
1

an
.
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~ 12

®� k(1) = 1, k(2) = 2, k(n + 2) = k(n) + 2n+1. ¦ {k(n)} �Ï�ú

ª.

). � k(n+ 2) + x · 2n+2 = k(n) + x · 2n, =

k(n+ 2) = k(n)− 3x · 2n.

¤±�À −3x = 2, = x = −2

3
, Ò��

k(n+ 2)− 2

3
· 2n+2 = k(n)− 2

3
· 2n,

�
{
k(n)− 2

3
· 2n
}
´± 2 �±Ï�ê� −1

3
,−2

3
,−1

3
,−2

3
, · · · . ¤±,

k(n) =


1

3
(2n+1 − 1), n �Ûê,

1

3
(2n+1 − 2), n �óê.
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~ 13

�ê� {an} ¥, a1 = 2, an+1 + an =
n+ 1

an+1 − an
+ 2. ¦ an.

). d^��

(an+1 − 1) + (an − 1) =
n+ 1

(an+1 − 1)− (an − 1)
,

�

(an+1 − 1)2 − (an − 1)2 = n+ 1,

\\�� an = 1 +

√
n(n+ 1)

2
.
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~ 14

ê� {an} ¥, a1 = 6, an+1 − an =
an
n+ 1

+ n+ 2, ¦ an.

). d^�� (n+ 1)an+1 − (n+ 2)an = (n+ 1)(n+ 2), �

an+1

n+ 2
− an
n+ 1

= 1.

Ïd an = (n+ 1)(n+ 2).
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~ 15

e�ê� {an} �c n �Ú Sn ÷v an +
1

an
= 2Sn, K an = .

). d Sn − Sn−1 +
1

Sn − Sn−1
= 2Sn, � S2

n − S2
n−1 = 1 (n ≥ 2), �

S2
n = S2

1 + n− 1 = n,

¤± an =
√
n−
√
n− 1.
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~ 16

®�ê� {an} �c n �Ú Sn ÷v Sn+2 − (t + 1)Sn+1 + tSn = 0,

a1 = t, a2 = t2, ¦ an.

). d Sn+2 − Sn+1 = t(Sn+1 − Sn), � an+2 = tan+1.

2d a1 = t, a2 = t2, �� an+1 = tan. ¤± an = tn.



17/22

~ 17

e {an} ÷v a1 = 2, an+1 =
1

2

(
an +

1

an

)
. ¦ an.

). Ï

an+1 − 1

an+1 + 1
=
(an − 1

an + 1

)2
,

�-
an − 1

an + 1
= bn, K bn > 0, ln bn+1 = 2 ln bn, bn = 3−2n−1

, ¤±

an =
1 + 3−2n−1

1− 3−2n−1 .
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~ 18

�ê� {an} ÷v a1 =
2

3
,

√
3

2
an =

√
a1 + · · ·+ an−1 +

an
2
, ¦ an.

). d^��
3

4
a2n = a1 + · · ·+ an−1 +

an
2

= Sn −
an
2
.

ò
3

4
a2n +

an
2

= Sn Ú
3

4
a2n+1 +

an+1

2
= Sn+1 üª�~�

3

4
(a2n+1 − a2n) +

1

2
(an+1 − an) = an+1,

=

3

4
(a2n+1 − a2n)−

1

2
(an+1 + an) = 0,

� an+1 − an =
2

3
. 
 a1 =

2

3
, � an =

2n

3
.
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~ 19

®�ê� {an} ÷v a1 = 1, an+1 = 2an + 3 · 5n, ¦ an.

){ 1 (�½Xê{) � x ��½�~ê, d

an+1 + x · 5n+1 = 2(an +
5x+ 3

2
· 5n),

- x =
5x+ 3

2
, )Ñ x = −1. ¤± an+1 − 5n+1 = 2(an − 5n). Ïd

an − 5n = 2n−1(a1 − 5) = −2n+1.

){ 2 (\\{) Äkk
an+1

2n+1
=
an
2n

+
3

2
·
(5
2

)n
.

� bn =
an
2n

, � bn+1 − bn =
3

2
·
(5
2

)n
, ¤±

bn = (bn − bn−1) + (bn−1 − bn−2) + · · ·+ (b2 − b1) + b1

=
3

2
· 5/2− (5/2)n

1− 5/2
+

1

2
=
(5
2

)n
− 2.
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){ 3 ()�§|{) Ï

an+1 − 5an = (2an + 3 · 5n)− 5(2an−1 + 3 · 5n−1) = 2(an − 5an−1),

�

an+1 − 5an = 2n−1(a2 − 5a1) = 3 · 2n+1,

���§| 
an+1 − 2an = 3 · 5n,

an+1 − 5an = 3 · 2n+1.

)Ñ an = 5n − 2n+1.
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~ 20

�ê� {an}, {bn} ÷v a1 = 2, b1 = 1, � n ≥ 2 �,
an =

3

4
an−1 +

1

4
bn−1,

bn =
1

4
an−1 +

3

4
bn−1.

¦ an, bn.

). Äk5¿�, � λ 6= −3 �, an + λbn =
3 + λ

4

(
an−1 +

1 + 3λ

3 + λ
bn−1

)
.

- λ =
1 + 3λ

3 + λ
, Kk λ = ±1.

� λ = 1, � an + bn = an−1 + bn−1, � an + bn = a1 + b1 = 3.

� λ = −1, � an − bn =
an−1 − bn−1

2
, � an − bn =

a1 − b1
2n−1

=
1

2n−1
.

¤± an =
3

2
+

1

2n
, bn =

3

2
− 1

2n
.
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~ 21

�ê� {an}, {bn} ÷v a1 = 2, b1 = 1, �� n ≥ 2 �,
an = 3an−1 − bn−1,

bn = an−1 + bn−1,

¦ an, bn.

). λ 6= −3 �, an + λbn = (λ+ 3)
(
an−1 +

λ− 1

λ+ 3
bn−1

)
.

- λ =
λ− 1

λ+ 3
, � λ = −1. u´ an − bn = 2(an−1 − bn−1) = 2n−1, ¤±

an = 3an−1 − bn−1 = 2an−1 + (an−1 − bn−1) = 2an−1 + 2n−2.

dd�)Ñ an = (n+ 3)2n−2, bn = (n+ 1)2n−2.
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~ 22

�ê� {an}, {bn} ÷v a1 = 2, b1 = 1, �� n ≥ 2 �,
an =

3

4
an−1 +

1

4
bn−1 + 1,

bn =
1

4
an−1 +

3

4
bn−1 + 1,

¦ an, bn.

). Äkk an + λbn + µ =
λ+ 3

4

(
an−1 +

3λ+ 1

λ+ 3
bn−1 +

4λ+ 4µ+ 4

λ+ 3

)
,

Ù¥ λ 6= −3. - λ =
3λ+ 1

λ+ 3
, µ =

4λ+ 4µ+ 4

λ+ 3
, �� λ = −1, µ = 0,

� an − bn =
1

2
(an−1 − bn−1) =

1

2n−1
.

l4í'Xq�� an+bn = an−1+bn−1+2 = a1+b1+2(n−1) = 2n+1.

¤± an = n+
1

2
+

1

2n
, bn = n+

1

2
− 1

2n
.


