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~ 1

� A ´d½Â3 [2, 4] þ�÷v±e^��¼ê ϕ(x) |¤�8Ü:

(i) é?¿� x ∈ [1, 2] Ñk ϕ(2x) ∈ (1, 2);

(ii) �3~ê L (0 < L < 1), ¦�é?¿� x1, x2 ∈ [1, 2] Ñk

|ϕ(2x1)− ϕ(2x2)| ≤ L|x1 − x2|.

(1) � ϕ(x) = 3
√
1 + x, x ∈ [2, 4], y²: ϕ(x) ∈ A.

(2) � ϕ(x) ∈ A, XJ�3 x0 ∈ (1, 2), ¦� x0 = ϕ(2x0), y²ù��

x0 ´���.

(3) � ϕ(x) ∈ A. ?� x1 ∈ (1, 2), - xn+1 = ϕ(2xn), n = 1, 2, · · · . y

²: é?¿���ê k, p, Ñk |xk+p − xk| ≤
Lk−1

1− L
|x2 − x1|.
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). (1) Ï 3
√
3 ≤ ϕ(2x) ≤ 3

√
5, � ϕ(2x) ∈ (1, 2).

é?¿� x1, x2 ∈ [1, 2] Ñk

|ϕ(2x1)− ϕ(2x2)| = | 3
√
1 + 2x1 − 3

√
1 + 2x2|

=
2|x1 − x2|

(1 + 2x1)2/3 + (1 + 2x2)2/3 + (1 + 2x1)1/3(1 + 2x2)1/3

≤2

3
|x1 − x2|.

(2) � x1, x2 ∈ (1, 2) ¦� x1 = ϕ(2x1), x2 = ϕ(2x2). Ï

|x1 − x2| = |ϕ(2x1)− ϕ(2x2)| ≤ L|x1 − x2|,

� (1− L)|x1 − x2| ≤ 0, Ïd |x1 − x2| ≤ 0, = x1 = x2.
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(3) Ï

|xn+1 − xn| = |ϕ(2xn)− ϕ(2xn−1)| ≤ L|xn − xn−1|,

�

|xn+1 − xn| ≤ L|xn − xn−1| ≤ L2|xn−1 − xn−2| ≤ · · · ≤ Ln−1|x2 − x1|,

Ïd

|xk+p − xk| ≤ |(xk+p − xk+p−1) + (xk+p−1 − xk+p−2) + · · ·+ (xk+1 − xk)|

≤ |xk+p − xk+p−1|+ |xk+p−1 − xk+p−2|+ · · ·+ |xk+1 − xk|

≤ (Lk+p−2 + Lk+p−3 + · · ·+ Lk−1)|x2 − x1|

=
Lk−1(1− Lk+p−1)

1− L
|x2 − x1|

≤ Lk−1

1− L
|x2 − x1|.
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~ 2

®� {an} ÷v a1 = 0, an+1 = npn + qan.

(1) e q = 1, ¦ an.

(2) e |p| < 1, |q| < 1, ¦y: {an} k..

). (1) � q = 1 �, an+1 − an = npn, Ïd

an = p+ 2p2 + 3p3 + · · ·+ (n− 1)pn−1.

p = 1 �, an = 1 + 2 + 3 + · · ·+ (n− 1) =
n(n− 1)

2
.

p 6= 1 �, Ï pan = p2 + 2p3 + 3p4 + · · ·+ (n− 1)pn, �

(1− p)an = p+ p2 + · · ·+ pn−1 − (n− 1)pn =
p− pn

1− p
− (n− 1)pn,

¤±

an =
p− pn

(1− p)2
− (n− 1)pn

1− p
.
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(2) d

|an+1| ≤ n|p|n + q|an| ≤ n|p|n + |an|,

�

|an+1| − |an| ≤ n|p|n.

þªü>¦Ú, ¿5¿� a1 = 0, 2|^ (1) �(Ø, Òk

|an| ≤ 1 · |p|1 + 2 · |p|2 + · · ·+ (n− 1) · |p|n−1

=
|p| − |p|n

(1− |p|)2
− (n− 1)|p|n

1− |p|

≤ |p| − |p|
n

(1− |p|)2
<

|p|
(1− |p|)2

.
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~ 3

�ê� {an} ÷v an+1 = an + ca2n (c > 0).

(1) ¦y: é?¿� M > 0, �3��ê N , � n > N �, k an > M .

(2) � bn =
1

1 + can
, Sn ´ bn �c n �Ú, ¦y: é?¿� d > 0, �3

��ê N , � n > N �, 0 <
∣∣Sn − 1

ca1

∣∣ < d.

). d an+1 = an + ca2n > an � {an} î�4O, Ïd

an = a1 + (a2 − a1) + (a3 − a2) + · · ·+ (an − an−1)

= a1 + ca21 + ca22 + · · ·+ ca2n−1 > (n− 1)ca21.

é?¿� M > 0, � N =
[M
ca21

]
+ 2, K� n > N �, k

an > aN > (N − 1)ca21 =
([M

ca21

]
+ 1
)
ca21 >

M

ca21
· ca21 = M.
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(2) d an+1 = an(1 + can), �

bn =
1

1 + can
=

an
an+1

=
ca2n

canan+1
=

an+1 − an
canan+1

=
1

can
− 1

can+1
,

�

Sn =
1

ca1
− 1

can+1
,

Ïd ∣∣Sn − 1

ca1

∣∣ = 1

can+1
> 0.

d (1) k an+1 > nca21, �
1

can+1
<

1

nc2a21
.

é?¿� d > 0, � N =
[ 1

dc2a21

]
+1, K� n > N �,

1

Nc2a21
< d, Ïd∣∣Sn − 1

ca1

∣∣ = 1

can+1
<

1

nc2a21
<

1

Nc2a21
< d.
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~ 4

½Â R þ�¼ê f(x) =
4x

4x + 2
, q�

Sn = f
( 1
n

)
+ f

( 2
n

)
+ · · ·+ f

(n− 1

n

)
, (n = 2, 3, · · · ).

(1) ¦ Sn.

(2)´Ä�3~êM ¦�é?¿� n ≥ 2Ñk
1

S2
+

1

S3
+· · ·+ 1

Sn
≤M?

). (1) Ïé?¿� k ∈ {1, 2, · · · , n− 1} Ñk

f
(k
n

)
+ f

(n− k

n

)
=

4
k
n

4
k
n + 2

+
4

n−k
n

4
n−k
n + 2

=
4

k
n

4
k
n + 2

+
4

2 · 4
k
n + 4

= 1,

� 2Sn = n− 1, Sn =
n− 1

2
.
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(2) d (1) �
n+1∑
k=2

1

Sk
= 2
(
1 +

1

2
+

1

3
+ · · ·+ 1

n

)
.

� n = 2m, K
n+1∑
k=2

1

Sk
> 2
(
1 +

1

2
+

1

4
+

1

4
+

1

8
+

1

8
+

1

8
+

1

8
+ · · ·+ 1

2m

)
= 2
(
1 +

1

2
+

1

2
+ · · ·+ 1

2︸ ︷︷ ︸
m�

)
= m+ 2.

�é?¿�M ,Ñ�3 n ≥ 2 (~X�� n = 2[|M |]+2)¦�
n+1∑
k=2

1

Sk
> M ,

Ïd,Ø�3~êM ¦�� n ≥ 2�ok
1

S2
+

1

S3
+ · · ·+ 1

Sn
≤M .


