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~ 1

y² (Vieta ð�ª):

cos(nθ) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ cos

kπ

2
,

sin(nθ) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ sin

kπ

2
.

AO/,

cos(2θ) = cos2 θ − sin2 θ, cos(3θ) = cos3 θ − 3 cos θ sin2 θ.

sin(2θ) = 2 cos θ sin θ, sin(3θ) = 3 cos2 θ sin θ − sin3 θ.
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). �â De Moivre úªÚ��ª½n, k

cosnθ + i sinnθ = (cos θ + i sin θ)n =

n∑
k=0

(
n

k

)
ik cosn−k θ sink θ.

Ï ik = (cos
π

2
+ i sin

π

2
)k = cos

kπ

2
+ i sin

kπ

2
, �

cosnθ = Re((cos θ + i sin θ)n) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ cos

kπ

2
,

sinnθ = Im((cos θ + i sin θ)n) =

n∑
k=0

(
n

k

)
cosn−k θ sink θ sin

kπ

2
.
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½Â 1

� n ���ê. eEê z, w ÷v wn = z, K¡ z ´ w � n g�, ¡ w

´ z � n g��.

½n 1

� z = r(cos θ + i sin θ), Ù¥ r > 0, K z Tk n � n g��:

wk = r
1
n

(
cos
( θ
n
+

2kπ

n

)
+ i sin

( θ
n
+

2kπ

n

))
, k = 0, 1, · · · , n− 1.

5 1. e n ´��ê, K?¿Eêok n g��.

5 2. ��ê n ≥ 2 �, wk ©Ù3±�:�¥%, ± r
1
n ��»��±

þ, ¿�§�TÐr�± n �©.
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5 3. é k ∈ {0, 1, 2, · · · , n− 1}, ¡

ωk =
(
cos

2π

n
+ i sin

2π

n

)k
� n gü �. Ø ω0 = 1 �	, Ù{� ω1, ω2, · · · , ωn−1 TÐ´�§

zn−1 + zn−2 + · · ·+ z + 1 = 0

� n− 1 ��. õ�ª zn−1 + zn−2 + · · ·+ z + 1 ¡�©�õ�ª.

5 4. d¦{�5�� z = r(cos θ + i sin θ) � n g���L�

wk = r
1
n

(
cos

θ

n
+ i sin

θ

n

)
·
(
cos

2π

n
+ i sin

2π

n

)k
= r

1
n

(
cos

θ

n
+ i sin

θ

n

)
· ωk.
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~ 2

eEê z ÷v z3 = 8, ¦ z2 + 2z + 3 ��.

). Ï
(z
2

)3
= 1, � z = 2ω (Ù¥ ω ´ 3 gü �).

e ω = 1, K z = 2, � z2 + 2z + 3 = 11.

e ω 6= 1, K ω2 + ω + 1 = 0, Ïd

z2 + 2z + 3 = (2ω)2 + 2(2ω) + 3 = 4(ω2 + ω + 1)− 1 = −1.

5. é ω 6= 1 ��¹, ���{´|^ ω2 = −ω − 1 5üg.
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~ 3

e α2 + αβ + β2 = 0 � α, β 6= 0, ¦
( α

α+ β

)2023
+
( β

α+ β

)2023
.

). d
(α
β

)2
+
α

β
+ 1 = 0 Ú

(β
α

)2
+
β

α
+ 1 = 0, �

α

β
Ú

β

α
Ñ÷v�

§ z3 = 1. d α(α+ β) = −β2 6= 0, � α+ β 6= 0, �

α

α+ β
= −β

α
,

β

α+ β
= −α

β
,

Ïd ( α

α+ β

)2023
+
( β

α+ β

)2023
=
(
− β

α

)2023
+
(
− α

β

)2023
=−

((β
α

)2023
+
(α
β

)2023)
= −

((β
α

)3·674+1
+
(α
β

)3·674+1)
=−

(β
α
+
α

β

)
= −α

2 + β2

αβ
= 1.



exponential function 7/13

½Â 2

¡N�

f : C→ C, x+ y i 7→ ex(cos y + i sin y)

��ê¼ê, Ï~r exp(z) P� ez.

5� 1

C þ��ê¼ê exp 3 R þ���Ò´Ï~��ê¼ê.

5� 2

é?¿¢ê θ, Ñk (Eulerúª):

ei θ = cos θ + i sin θ.
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5� 3

1 e z = x+ y i ∈ C (Ù¥ x, y ∈ R), K

∣∣ exp(z)∣∣ = ex > 0,

Arg
(
exp(z)

)
= {y + 2kπ : k ∈ Z}.

2 (\{½n) e z1, z2 ∈ C, K exp(z1 + z2) = exp(z1) exp(z2).

3 (±Ï5) e z ∈ C, k ∈ Z, K

exp(z + 2kπ i) = exp(z).

¿� exp �±ÏÑ´ 2π i ��ê�.



C þ�n�¼êÚV­¼ê 9/13

1 ¡ sin z =
ei z − e−i z

2 i
��u¼ê.

¡ cos z =
ei z + e−i z

2
�{u¼ê.

Ù¦�n�¼ê^ sin z Ú cos z UÏ~��ª5½Â.

2 ¡ sh z =
ez − e−z

2
�V­�u¼ê.

¡ ch z =
ez + e−z

2
�V­{u¼ê.

Ù¦�V­¼ê^ sh z Ú ch z UÏ~��ª5½Â.

5¿: þ¡½Â�ù
¼ê¥, �k�ê¼ê´ý� “Ä��”.
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5� 4

sin z 3 R þ���Ò´�5� sinx. Ù{��´Xd.

sin z, cos z �Ûó5, ±Ï5, ð�ª���5���.

5¿: sin z Ú cos z 3 C þÑ´Ã.�.

sh z = −i sin(i z), ch z = cos(i z).

sh z Ú ch z �Ûó5, ð�ª���5���.

sh z Ú ch z Ñ± 2π i �±Ï.
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½Â 3

1 ¡ C \ {0} þ� (õ�) ¼ê

Ln(z) = ln |z|+ iArg(z)

�éê¼ê.

2 éz� k ∈ Z, ¡ C \ {0} þ�¼ê

lnk(z) = ln |z|+ i (arg(z) + 2kπ)

� (õ�) ¼ê Ln(z) ���©|.

3 r k = 0 ¤éA�©|

ln(z) = ln |z|+ i arg(z)

¡�õ�¼ê Ln(z) �Ì�.
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½Â 4

é?¿��"Eê a ±9Eê b, ½Â

ab = exp(bLn(a)).

¡ exp(bln(a)) � ab �Ì�.

5 1. � n ��ê�, zn ´ü��.

5 2. � n ���ê�, z
1
n Tk n �©|.
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~ 4

O� Ln(2), Ln(−2), Ln(i), Ln(1 + i), �ÑÌ�.

~ 5

O� 1
√
2, (−1)

√
2, ii, (−1)

1
3 , �ÑÌ�.


