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1 rXêÑ3ê� F ¥�õ�ª¡� F þ�õ�ª.

2 ^ F[z] L«ê� F þ�¤k�õ�ª�¤�8Ü.

5� 1

e a ∈ F, f(z), g(z) ∈ F[z], K a f(z), f(z) + g(z), f(z) · g(z) ∈ F[z].

½n 1 (�{Ø{)

� f(z), g(z) Ñ´ê� F þ�õ�ª. e g(z) Ø´ 0 õ�ª, K�3�

�� (q(z), r(z)) ∈ F[z]2 ÷ve�^�:

(1) f(z) = q(z)g(z) + r(z);

(2) r(z) �gê�u g(z) �gê.



½n 1�y²: �35 2/8

1. e�3 q(z) ∈ F[z] ¦ f(z) = q(z)g(z), � r(z) = 0 =�.

2. eé?¿� q(z) ∈ F[z] Ñk f(z) 6= q(z)g(z), �Ä8Ü

E = {f(z)− ϕ(z)g(z) : ϕ(z) ∈ F[z]}.

d��ê�n� E ¥7kgê���ö, � r(z) ∈ E �gê��, K�

3 q(z) ∈ F[z]¦� r(z) = f(z)− q(z)g(z). Ïd f(z) = q(z)g(z)+ r(z).

1e r(z) = anz
n + · · ·+ a0 �gê n Ø�u g(z) = bmz

m + · · ·+ b0 �

gê m, K h(z) = r(z)− an
bm
zn−mg(z) ∈ E, � h(z) �gê�u r(z) �

gê, gñ. ¤± r(z) �gê�u g(z) �gê.

nþ, ÷v^�� (q(z), r(z)) ∈ F[z]2 ´�3�.
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� (q1(z), r1(z)), (q2(z), r2(z)) ∈ F[z]2 ´÷v^��kSé, K

f(z) = q1(z)g(z) + r1(z) = q2(z)g(z) + r2(z),

Ïd

(q1(z)− q2(z))g(z) = r2(z)− r1(z).

e¡'�þªü>�gê.

1e q1(z) 6= q2(z), K�>�gêØ�u g(z) �gê. 
 g(z) �gê

Ñ�u r2(z)− r1(z) �gê, u´�>�gê�um>�gê, gñ.

Ïd7k q1(z) = q2(z), ?
 r1(z) = r2(z).
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½n 2 (Ïª½n)

� f(z) ´ê� F þ� n gõ�ª (n ≥ 1), α ∈ F. e α ´ f(z) ��,

K�3 n− 1 gõ�ª g(z) ∈ F[z], ¦� f(z) = (z − α)g(z).

y². d�{Ø{�, �3õ�ª g(z), r(z) ∈ F[z] ¦�

f(z) = (z − α)g(z) + r(z),

� r(z) �gê�u z − α �gê. Ï z − α ´ 1 g�, � r(z) �~ê.

Ï

r(α) = (α− α)g(α) + r(α) = f(α) = 0,

� r(z) � 0 õ�ª, ¤± f(z) = (z − α)g(z). '�gê�� g(z) ´

n− 1 gõ�ª.
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½n 3 (�êÆÄ�½n)

gê�u 0 �EXêõ�ª3 C ¥7k�. [�jØy]

d�êÆÄ�½nÚÏª½n�, EXê n gõ�ª

f(z) = anz
n + an−1z

n−1 + ·+ a1z + a0

(Ù¥ n > 0, an 6= 0 ) 7�©)� an Ú n ��gÏª�¦È:

f(z) = an(z − α1)(z − α2) · · · (z − αn).
f(z) ��?�ÚL«�

f(z) = an(z − β1)k1(z − β2)k2 · · · (z − βl)kl ,
Ù¥ β1, β2, · · · , βl ´pØ�Ó�Eê, k1, k2, · · · , kl Ñ´��ê, ¿�

k1 + k2 + · · ·+ kl = n.

éu j ∈ {1, 2, · · · , l}, ¡ z − βj ´ f(z) � kj ­Ïª, ¡ βj ´ f(z) �

kj ­�. AO/, 1 ­Ïª¡�üÏª, 1 ­�¡�ü�.
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½n 4

��� n (n > 0) gEXêõ�ª3 C ¥Tk n �� (­�U­êO,

=z� k ­�� k ��).

Ún 1

eEê α ´¢Xêõ�ª f(z) ��, K α �´ f(z) ��.

½n 5 (¢Xêõ�ªÏª©)½n)

gê�u 0 �¢Xêõ�ª7�±©)�eZ�gêØ�L 2 �¢X

êõ�ª�¦È.

y². éõ�ª�gê n ^êÆ8B{. � n = 1, 2 �, (Øw,¤á.

� n ≥ 3 �, b�(Øéu 1, 2, ..., n − 1 Ñ¤á; e¡5y²(Øé n

�¤á.
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� f(z) = anz
n + an−1z

n−1 + · · · + a1z + a0 ´ n g¢Xêõ�ª. �

â�êÄ�½n, f(z) 3 C ¥��k���, � α ´ f(z) ����.

1. e α ´¢ê, dÏª½n�, �3 n − 1 g¢Xêõ�ª g(z) ¦�

f(z) = (z − α)g(z). d8Bb�� g(z) �©)�gêØ�L 2 �¢X

êõ�ª�¦È, Ïd f(z) ��©)�gêØ�L 2 �¢Xêõ�ª

�¦È.

2. e α ´Jê, K f(z) E�3Eê�S©)� f(z) = (z − α)g(z) (ù

p� g(z) ´EXêõ�ª). dÚn� α �´ f(z) ��, =

0 = f(α) = (α− α)g(α).

Ï α ´Jê, � α 6= α, ¤± g(α) = 0, = α ´ g(z) ��.
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Ïd�3EXê n− 2 gõ�ª h(z) ¦� g(z) = (z − α)h(z), ¤±k
f(z) = (z − α)(z − α)h(z).

qÏ

(z − α)(z − α) = z2 − (α+ α)z + αα = z2 − 2Re(α)z + |α|2

�¢Xêõ�ª, ·�äó, h(z) �7´¢Xê�õ�ª.

¯¢þ, �â C ¥��{Ø{, f(z) = (z2− 2Re(α)z+ |α|2)h(z)+0. �

R ¥��{Ø{� f(z) = (z2− 2Re(α)z+ |α|2)h1(z) + r(z). d C ¥�

�{Ø{���5, Òk h(z) = h1(z). ¤± h(z) ´¢Xê�õ�ª.

Q, h(z) ´¢Xê�õ�ª, �� n− 2 gõ�ª, �â8Bb�, h(z)

�©)�gêØ�L 2 �¢Xêõ�ª�¦È, Ïd

f(z) = (z2 − 2Re(α)z + |α|2)h(z)
��©)�gêØ�L 2 �¢Xêõ�ª�¦È.


