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~ 1 (re�Eêz¤n�/ª)

1 1 + cos θ + i sin θ (0 ≤ θ ≤ π); )

2
1− i tanα

1 + i tanα
; )

3 1 + i tanα; )

4
1− sin θ + i cos θ

1− sin θ − i cos θ
. )

~ 2

¦ cosα+ cos 2α+ · · ·+ cosnα, sinα+ sin 2α+ · · ·+ sinnα. )

~ 3

�z1 ∈ C§z2 ∈ C, y²:

|z1 + z2|2 + |z1 − z2|2 = 2
(
|z1|2 + |z2|2

)
. )
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~ 4

� z1, z2, z3 ´E²¡þn�: A, B, C éA�Eê. y²n�/ ABC

´�>n�/�¿©7�^�´

z21 + z22 + z23 = z1z2 + z2z3 + z3z1.

). ¿©5, 7�5.

~ 5

eEê z1 6= z2, |z1| =
√

2, ¦
∣∣∣ z1 − z2
2− z1z2

∣∣∣. )

~ 6

e |z1| = |z2| = |z3| = r 6= 0, ¦
∣∣∣z1−1 + z2

−1 + z3
−1

z1 + z2 + z3

∣∣∣. )
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~ 7

�Eê z ÷v |z| = 1, ¦ |z2 − z + 1| ���. )

~ 8

� z �Jê, w = z +
1

z
�¢ê, � −1 < w < 2.

(1) ¦ |z| 9 z �¢Ü�����; )

(2) y² µ =
1− z
1 + z

�XJê. )

~ 9

� a ´K¢ê, Eê z1, z2 ÷v |z1| = |z1 + z2|, � z1 z2 = a
(
1 +
√

3i
)
.

¦
z2
z1

. )
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~ 10

e x, y ÷v
(x
y

)2
+
x

y
+ 1 = 0, ¦

( x

x+ y

)2010
+
( y

x+ y

)2010
��. )

~ 11

�Eê z1, z2 ÷v |z1| = |z1 + z2| = 3, |z1 − z2| = 3
√

3, ¦

(z1z2)
2000 + (z1z2)

2000. )

~ 12

e¢ê x, y ÷v z1 = x+
√

3 + iy, z2 = x−
√

3 + iy, |z1|+ |z2| = 4, ¦

f(x, y) = |2x− 4y + 9| ���. )
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~ 13

eEê z1 = 2−
√

3a+ ai, z2 =
√

3b− 1 +
(√

3− b
)
i, �§�����,

z1z2 �Ë�Ì��
π

2
, ¦¢ê a, b. )

~ 14

�Eê z = 3 cos θ + i sin θ, ¦ y = tan(θ − arg z)
(
0 < θ <

π

2

)
���

�9�A� θ. )

~ 15

� 0 < θ < 2π, Eê z = 1− cos θ+ i sin θ, u = a2 + ai, � zu ´XJê,

a ∈ R.

(1) ¦Eê u �Ë�Ì� (^ θ L«); )

(2) P w = z2 + u2 + 2zu, Á¯ w �U´�¢êí? )
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~ 16

eEê z1, z2 ÷v |z1| = 2, |z2| = 3, 3z1 − 2z2 =
3

2
− i, ¦ z1 z2. )

~ 17

®�Eê z =

√
3

2
− i

2
, w =

√
2

2
+

√
2

2
i, Eê zw, z2w3 éA�Eê²

¡þ�:©O� P , Q, y²: 4POQ ´����n�/. )

~ 18

� M ´ü �± x2 + y2 = 1 þ�Ä:, : N �½: A(2, 0) Ú: M

�¤���>n�/�º:, ¿� M → N → A → M ¤_����.

� M :£Ä�, ¦: N �;,. )
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~ 19

� z1, z2, · · · , zn ∈ C, �÷v
n∑
j=1
|zj | = 1, y²: þã n �Eê¥, 7�

3eZ�Eê, §��Ú��Ø�u
1

6
. )
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). (1)

1 + cos θ + i sin θ = 2 cos2
θ

2
+ 2i sin

θ

2
cos

θ

2

= 2 cos
θ

2
(cos

θ

2
+ i sin

θ

2
).

1− cos θ − i sin θ = 2 cos
π + θ

2
(cos

π + θ

2
+ i sin

π + θ

2
)

= −2 sin
θ

2
(cos

π + θ

2
+ i sin

π + θ

2
).

1− cos θ + i sin θ = 2 sin
θ

2
(cos

π − θ
2

+ i sin
π − θ

2
).

�£
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(2)

1− i tanα

1 + i tanα
=

cosα− i sinα

cosα+ i sinα

=
cos(−α) + i sin(−α)

cosα+ i sinα

= cos(−2α) + i sin(−2α).

�£
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(3)

1 + i tanα =
cosα+ i sinα

cosα

=


1

cosα
(cosα+ i sinα), α ∈

(
2kπ − π

2
, 2kπ +

π

2

)
,

− 1

cosα

(
cos(π + α) + i sin(π + α)

)
, α ∈

(
2kπ +

π

2
, 2kπ +

3

2
π
)
.

�£



11/32

(4) � z = 1− sin θ + i cos θ, K z = 1− sin θ − i cos θ, Ïd

1− sin θ + i cos θ

1− sin θ − i cos θ
=
z

z
=

z2

|z|2
.

d 1− cos θ + i sin θ = 2 sin
θ

2

(
cos

π − θ
2

+ i sin
π − θ

2

)
�

z = 1− sin θ + i cos θ = 1− cos
(π

2
− θ
)

+ i sin
(π

2
− θ
)

= 2 sin
π − 2θ

4

(
cos

π + 2θ

4
+ i sin

π + 2θ

4

)
,

� z2 = 4 sin2 π − 2θ

4

(
cos

π + 2θ

2
+ i sin

π + 2θ

2

)
, Ïd

1− sin θ + i cos θ

1− sin θ − i cos θ
=

z2

|z|2
= cos

(π
2

+ θ
)

+ i sin
(π

2
+ θ
)
.

�£
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). - z = cosα+ i sinα, K ∀ k ∈ N k zk = cos kα+ i sin kα, �

z + z2 + · · ·+ zn =
n∑
k=1

(cos kα+ i sin kα) =
n∑
k=1

cos kα+ i
n∑
k=1

sin kα.

Ï 1− cos θ − i sin θ = −2 sin
θ

2
(cos

π + θ

2
+ i sin

π + θ

2
), �qk

z + z2 + · · ·+ zn =
z(1− zn)

1− z

=
(cosα+ i sinα)(1− (cosnα+ i sinnα))

1− (cosα+ i sinα)

=
(cosα+ i sinα)

(
− 2 sin

nα

2
(cos

π + nα

2
+ i sin

π + nα

2
)
)

−2 sin
α

2
(cos

π + α

2
+ i sin

π + α

2
)

=
sin

nα

2
cos

n+ 1

2
α

sin
α

2

+ i
sin

nα

2
sin

n+ 1

2
α

sin
α

2

.

�£
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). dEê���½Â�

|z1 + z2|2 = (z1 + z2)(z1 + z2) = |z1|2 + |z2|2 + (z1z2 + z2z1),

|z1 − z2|2 = (z1 − z2)(z1 − z2) = |z1|2 + |z2|2 + (−z1z2 − z2z1).

üª�\=�. �£
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(¿©5) � z1, z2, z3 ´n�Eê, � z21 + z22 + z23 = z1z2 + z2z3 + z3z1.

� w1 = z1 − z2, w2 = z2 − z3, w3 = z3 − z1, K w1, w2, w3 ÑØ�", �

w1 + w2 + w3 = 0, w1
2 + w2

2 + w3
2 = 0.

Ïd

w1
2 = (w2 + w3)

2 = w2
2 + w3

2 + 2w2w3 = −w1
2 + 2w2w3,

= w1
2 = w2w3, ?
k w1

3 = w1w2w3.

Ón w2
3 = w1w2w3, w3

3 = w1w2w3.

¤± w1
3 = w2

3 = w3
3, u´ |w1| = |w2| = |w3|.

�£
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(7�5) � z1, z2, z3 ´E²¡þn�: A, B, C éA�Eê, �n�

/ ABC ´�>n�/, K�3 3 gü � ω ¦�

z1 − z2 = ω(z3 − z1), z2 − z3 = ω(z1 − z2), z3 − z1 = ω(z2 − z3).

nª²��\, �

(z1−z2)2+(z2−z3)2+(z3−z1)2 = ω2((z1−z2)2+(z2−z3)2+(z3−z1)2).

Ï ω2 6= 1, � (z1 − z2)2 + (z2 − z3)2 + (z3 − z1)2 = 0, =

z21 + z22 + z23 = z1z2 + z2z3 + z3z1.

�£
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). d |z1|2 = 2, �

∣∣∣ z1 − z2
2− z1z2

∣∣∣ =
∣∣∣ z1 − z2
z1z1 − z1z2

∣∣∣
=

|z1 − z2|
|z1| · |z1 − z2|

=
|z1 − z2|

|z1| · |z1 − z2|

=
1

|z1|
=

√
2

2
.

�£
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). Ï zk
−1 =

zk
r2
, �

∣∣∣z1−1 + z2
−1 + z3

−1

z1 + z2 + z3

∣∣∣ =
1

r2

∣∣∣z1 + z2 + z3
z1 + z2 + z3

∣∣∣ =
1

r2
.

�£
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). d |z| = 1 � zz = 1, �

|z2 − z + 1| = |z2 − z + zz| = |z||z + z − 1| = |z + z − 1|.

� z = x+ iy, K x2 + y2 = 1, Ïd |x| ≤ 1. dn�Ø�ª�

|z2 − z + 1| = |2x− 1| ≤ |2x|+ 1 ≤ 3.

� x = −1 �, |2x− 1| = 3. q |2x− 1| ≥ 0, � x =
1

2
�, |2x− 1| = 0.

¤± |z2 − z + 1| ���´ [0, 3].

�£
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). (1) � z = a+ ib, a, b ∈ R, K

w = a+ ib+
1

a+ ib
= a+ ib+

a− ib
a2 + b2

=
(
a+

a

a2 + b2

)
+
(
b− b

a2 + b2

)
i.

Ï w�¢ê,� b− b

a2 + b2
= 0. Ï z�Jê,� b 6= 0. u´ a2+b2 = 1,

= |z| = 1.

d w = 2a, � −1 < w < 2, � −1

2
< a < 1.

�£
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(2) 5¿� (1)¥®y²� |z| = 1. Ï z ´Jê, � z − z 6= 0. Ïdk

µ+ µ =
1− z
1 + z

+
(1− z

1 + z

)
=

1− z
1 + z

+
1− z̄
1 + z̄

=
(1− z)(1 + z̄) + (1 + z)(1− z̄)

(1 + z)(1 + z̄)

=
2− 2zz̄

(1 + z)(1 + z̄)
= 0,

µ− µ =
1− z
1 + z

−
(1− z

1 + z

)
=

1− z
1 + z

− 1− z̄
1 + z̄

=
(1− z)(1 + z̄)− (1 + z)(1− z̄)

(1 + z)(1 + z̄)

=
−2(z − z)

(1 + z)(1 + z̄)
6= 0.

� Re(µ) = 0, Im(µ) 6= 0. ¤± µ ´XJê. �£
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). d |z1| = |z1 + z2|, �

|z1|2 = (z1 + z2)(z1 + z2) = |z1|2 + z2z1 + z1z2 + |z2|2,

�

|z2|2 = −(z2z1 + z1z2) = −2Re(z1 z2) = −2a,

Ïd

z2
z1

=
z2 · z2
z1 · z2

=
−2a

a
(
1−
√

3i
) = −1 +

√
3i

2
.

�£
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). �
x

y
= ω, K ω + 1 = −ω2, ω3 = 1. Ï

x

x+ y
=

x

y
x

y
+ 1

=
ω

ω + 1
=

ω

−ω2
= −ω2,

y

x+ y
=

1
x

y
+ 1

=
1

ω + 1
=

1

−ω2
= −ω,

�

( x

x+ y

)2010
+
( y

x+ y

)2010
= (−ω2)2010 + (−ω)2010 = 1 + 1 = 2.

�£



23/32

). d

9 = |z1 + z2|2 = |z1|2 + |z2|2 + z1z2 + z1z2,

27 = |z1 − z2|2 = |z1|2 + |z2|2 − z1z2 − z1z2,

� |z1|2 + |z2|2 = 18. Ï |z1|2 = 9, � |z2| = 3, � z1z2 + z1z2 = −9.

Ï
∣∣z1z2∣∣ =

∣∣z1∣∣ · ∣∣z2∣∣ = 9, ��� z1z2 = 9(cos θ + i sin θ), K

z1z2 = 9(cos(−θ) + i sin(−θ)).

d z1z2 + z1z2 = −9 � cos θ = −1

2
, � z1z2 = 9ω, Ù¥ ω =

−1±
√

3i

2
,

Ïd ω3 = 1. u´

(z1z2)
2000 + (z1z2)

2000 = (9ω)2000 + (9ω2)2000

= 92000
(
ω2000 + ω4000

)
= −92000.

�£
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). - z = x+ iy, K
∣∣∣z +

√
3
∣∣∣+
∣∣∣z −√3

∣∣∣ = 4, = z 3±
(
±
√

3, 0
)
�

�:, 2 ���¶��ý�þ, Ù�§�
x2

4
+ y2 = 1, -

x = 2 cos θ, y = sin θ,

K

f(x, y) = |4 cos θ − 4 sin θ − 9|

=
∣∣∣4√2 cos

(
θ +

π

4

)
− 9
∣∣∣.

Ïd, � θ = −π
4
�, f(x, y)min = 9− 4

√
2; � θ =

3

4
π �,

f(x, y)max = 9 + 4
√

2.

�£
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). d®�^�� z1 6= 0,
∣∣∣z2
z1

∣∣∣ = 1. Ï z1z2 = |z1|2 ·
z2
z1
, �

arg
(z2
z1

)
= arg(z1z2) =

π

2
,

u´
z2
z1

= i, = z2 = z1i, Ïd

√
3b− 1 +

(√
3− b

)
i =

(
2−
√

3a+ ai
)
i = −a+

(
2−
√

3a
)
i.

'�ü>¢Ü, JÜ, )Ñ a = b =

√
3− 1

2
.

�£
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). Ï z = 3 cos θ + i sin θ, � tan(arg z) =
sin θ

3 cos θ
=

1

3
tan θ. Ïd,

y = tan(θ − arg z) =
tan θ − 1

3
tan θ

1 +
1

3
tan2 θ

=
2

3

tan θ
+ tan θ

≤ 2

2
√

3
=

1√
3
.

��=�
3

tan θ
= tan θ, = θ =

π

3
�, ymax =

1√
3
.

�£
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). (1) Ï zu �XJê, � θ 6= π, �

zu =
(
a2(1− cos θ)− a sin θ

)
+
(
a2 sin θ + a(1− cos θ)

)
i,

� 
a2(1− cos θ) = a sin θ,

a2 sin θ + a(1− cos θ) 6= 0.

d1���ª� a 6= 0. Ï 0 < θ < 2π, � 1− cos θ 6= 0. d1���ª

� a =
sin θ

1− cos θ
= cot

θ

2
, � tan(arg u) =

a

a2
= tan

θ

2
.

(i) e 0 < θ < π, K u = cot2
θ

2
+ i cot

θ

2
31���, arg u =

θ

2
.

(ii) e π < θ < 2π, K u 31o��, arg u = π +
θ

2
. �£
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(2) Äk w = z2 + u2 + 2zu = (z + u)2, �

z + u = (1− cos θ + a2) + (a+ sin θ)i.

e w ∈ R+, K a+ sin θ = 0, = a = − sin θ.

qÏ a =
sin θ

1− cos θ
, � a =

−a
1− cos θ

.

d a 6= 0, � cos θ = 2, gñ. ¤± a ØU��¢ê.

�£
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). - z1 = 2(cosα+ i sinα), z2 = 3(cosβ + i sinβ).

d 3z1 − 2z2 =
3

2
− i, �

6(cosα− cosβ) =
3

2
, 6(sinα− sinβ) = −1,

=

−12 sin
α+ β

2
sin

α− β
2

=
3

2
, 12 cos

α+ β

2
sin

α− β
2

= −1,

Ïd tan
α+ β

2
=

3

2
. d�Uúª�

sin(α+ β) =
12

13
, cos(α+ β) = − 5

13
,

�

z1z2 = 6(cos(α+ β) + i sin(α+ β)) = −30

13
+

72

13
i.

�£
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). Ï z = cos
(
− π

6

)
+ i sin

(
− π

6

)
, w = cos

π

4
+ i sin

π

4
, �

zw = cos
π

12
+ i sin

π

12
,

zw = cos
(
− π

12

)
+ i sin

(
− π

12

)
,

z2w3 = cos
5

12
π + i sin

5

12
π.

Ïd,
−−→
OP ,

−−→
OQ �Y��

5π

12
−
(
− π

12

)
=
π

2
.

Ï
−−→
OP⊥

−−→
OQ, � |

−−→
OP | = |

−→
Ow|, � 4POQ ´����n�/.

�£
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). � M , N éA�Eê�g� u+ vi, x+ yi, K

−−→
OM −

−→
OA = (cos 300◦ + i sin 300◦) ·

(−−→
ON −

−→
OA
)
,

=
u+ vi− 2 =

1−
√

3i

2
(x+ yi− 2)

=
x+
√

3y − 2

2
+
y −
√

3x+ 2
√

3

2
i,

¤±

u =
x+
√

3y + 2

2
, v =

y −
√

3x+ 2
√

3

2
.

� u2 + v2 = 1, �
(x+

√
3y + 2

2

)2
+
(y −√3x+ 2

√
3

2

)2
= 1. �n�

(x− 1)2 +
(
y −
√

3
)2

= 1.

�£
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). � zj = aj + ibj , j = 1, 2, · · · , n, K

1 =
n∑
j=1
|zj | ≤

n∑
j=1

(|aj |+ |bj |)

=
n∑
j=1
|aj |+

n∑
j=1
|bj |

=
∑
aj<0
|aj |+

∑
aj>0
|aj |+

∑
bj<0

|bj |+
∑
bj>0

|bj |.

Ø��
∑
bj>0

|bj | ≥
1

4
, K

∣∣∣ ∑
bj>0

zj

∣∣∣ ≥ ∣∣∣ ∑
bj>0

bj

∣∣∣ =
∑
bj>0

|bj | ≥
1

4
>

1

6
.

�£


