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½n 1 (Schur)

� r > 0. e x, y, z Ñ´�K�, K∑
cyc

xr(x− y)(x− z) ≥ 0,

=

xr(x− y)(x− z) + yr(y − z)(y − x) + zr(z − x)(z − y) ≥ 0.

��=� x = y = z, ½Ù¥���"
,	ü����, �Ò¤á.

y². Ø�� x ≥ y ≥ z. -

t1 = x− y, t2 = y − z, t3 = z,

K t1, t2, t3 ≥ 0, �

x = t1 + t2 + t3, y = t2 + t3, z = t3.
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Ïd

xr(x− y)(x− z) + yr(y − z)(y − x) + zr(z − x)(z − y)

=(t1 + t2 + t3)
rt1(t1 + t2) + (t2 + t3)

rt2(−t1) + t3
r(−t1 − t2)(−t2)

=(t1 + t2 + t3)
rt1

2 +
(
(t1 + t2 + t3)

r − (t2 + t3)
r + t3

r
)
t1t2 + t3

rt22 ≥ 0.

� x = y = z �, w,�Ò¤á. � z = 0 � x = y �, �Òw,�¤á.

�L5, ��Ò¤á.

(1) e t2 6= 0, K t1 + t2 + t3 6= 0. d t3
rt22 = 0 Ú (t1 + t2 + t3)

rt1
2 = 0

� t3 = 0, t1 = 0, = z = 0, x = y.

(2) e t2 = 0, Kd t1
r+2 ≤ (t1 + t2 + t3)

rt1
2 = 0 � t1 = 0, d�

x = y = z.
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5 1. é r = 0, r xr, yr, zr ÑÀ� 1, Schur Ø�ª�¤á. ¯¢þ,

(x− y)(x− z) + (y − z)(y − x) + (z − x)(z − y)

=x2 + y2 + z2 − xy − yz − zx ≥ 0.

5 2. e r < 0, Ké?¿��ê x, y, z, �k Schur Ø�ª.

5 3. Ï~P p = x+ y + z, q = xy + yz + zx, r = xyz.
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5 4. � r = 1 �, Schur Ø�ª�∑
cyc

x(x− y)(x− z) ≥ 0, (1)∑
cyc

x3 + 3xyz ≥
∑
cyc

xy(x+ y), (2))

(∑
cyc

x
)3

+ 9xyz ≥ 4
(∑
cyc

x
)(∑

cyc

xy
)
, (3))

(y + z − x)(z + x− y)(x+ y − z) ≤ xyz. (4)
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y². (2) d Schur Ø�ª�

0 ≤
∑
cyc

x(x− y)(x− z)

=
∑
cyc

(x3 − x2y − zx2 + xyz)

=
∑
cyc

x3 −
∑
cyc

x2y −
∑
cyc

zx2 +
∑
cyc

xyz

=
∑
cyc

x3 −
∑
cyc

x2y −
∑
cyc

xy2 +
∑
cyc

xyz

=
∑
cyc

x3 + 3xyz −
∑
cyc

xy(x+ y).

�£
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(3) Ï
(∑
cyc

x
)2

=
∑
cyc

x2 + 2
∑
cyc

xy, ¿�(∑
cyc

x
)(∑

cyc

xy
)
=
∑
cyc

xy(x+ y) + 3xyz,

� (∑
cyc

x
)3

=
(∑
cyc

x2 + 2
∑
cyc

xy
)(∑

cyc

x
)

=
∑
cyc

x2(x+ y + z) + 2
(∑
cyc

xy
)(∑

cyc

x
)

=
∑
cyc

(x3 + x2y + zx2) + 2
(∑
cyc

xy(x+ y) + 3xyz
)

=
∑
cyc

x3 +
∑
cyc

xy(x+ y) + 2
∑
cyc

xy(x+ y) + 6xyz

=
∑
cyc

x3 + 3
∑
cyc

xy(x+ y) + 6xyz,
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Ïd (∑
cyc

x
)3

+ 9xyz =
∑
cyc

x3 + 3xyz + 3
∑
cyc

xy(x+ y) + 12xyz

≥
∑
cyc

xy(x+ y) + 3
∑
cyc

xy(x+ y) + 12xyz

= 4
(∑
cyc

xy(x+ y) + 3xyz
)

= 4
(∑
cyc

x
)(∑

cyc

xy
)
.

�£
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(3) dé¡5��3~ê A,B ¦�é?¿� x, y, z Ñk

(y + z − x)(z + x− y)(x+ y − z) = −
∑
cyc

x3 +A
∑
cyc

xy(x+ y) +Bxyz.

- z = 0 �

(y − x)(x− y)(x+ y) = −x3 − y3 +Axy(x+ y).

2- x = y = 1, � 0 = −2 + 2A, � A = 1. 3

(y + z − x)(z + x− y)(x+ y − z) = −
∑
cyc

x3 +
∑
cyc

xy(x+ y) +Bxyz

¥- x = y = z = 1 � 1 = −3 + 6 + B, � B = −2. u´, d Schur Ø

�ª�

xyz−(y+z−x)(z+x−y)(x+y−z) =
∑
cyc

x3−
∑
cyc

xy(x+y)+3xyz ≥ 0.

�£
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~ 1

� a, b, c �n�/�n>, y²

a2(b+ c− a) + b2(c+ a− b) + c2(a+ b− c) ≤ 3abc. )

~ 2

��ê a, b, c ÷v abc = 1, y²

a2 + b2 + c2 + 3 ≥ 2
(1
a
+

1

b
+

1

c

)
. )
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). d Schur Ø�ª�

3abc−
∑
cyc

a2(b+ c− a) = 3abc−
(∑
cyc

a2b+
∑
cyc

a2c−
∑
cyc

a3
)

= 3abc−
(∑
cyc

a2b+
∑
cyc

b2a−
∑
cyc

a3
)

= 3abc−
(∑
cyc

(a2b+ b2a)−
∑
cyc

a3
)

=
∑
cyc

a3 + 3abc−
∑
cyc

ab(a+ b) ≥ 0.

5. ¢Sþ, �� a, b, c �K=�.

�£
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). Ï abc = 1, � 2
(1
a
+

1

b
+

1

c

)
= 2
(1
a
+

1

b
+

1

c

)
abc = 2

∑
cyc

ab.

Ï a2+b2+c2+3 =
(∑
cyc

a
)2
−2
∑
cyc

ab+3,��Iy
(∑
cyc

a
)2

+3 ≥ 4
∑
cyc

ab.

dþ�Ø�ª� a+ b+ c ≥ 3 3
√
abc = 3abc, 2d Schur Ø�ª, �(∑

cyc

a
)((∑

cyc

a
)2

+ 3− 4
∑
cyc

ab
)

=
(∑
cyc

a
)3

+ 3
∑
cyc

a− 4
(∑
cyc

ab
)(∑

cyc

a
)

≥
(∑
cyc

a
)3

+ 9abc− 4
(∑
cyc

ab
)(∑

cyc

a
)
≥ 0,

Ïdk
(∑
cyc

a
)2

+ 3 ≥ 4
∑
cyc

ab.

�£


