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~ 4

� x, y ∈ R, x2 + y2 ≤ 1, y² |x2 + 2xy − y2| ≤
√
2.

). P r =
√
x2 + y2, K�3 t ∈ R ¦� x = r cos t, y = r sin t. u´

|x2 + 2xy − y2| = r2| cos 2t+ sin 2t| ≤
√
2r2 ≤

√
2.

~ 5

®� k > a > b > c > 0, y²: k2 − (a+ b+ c)k + (ab+ bc+ ca) > 0.

). Ï (k − a)(k − b)(k − c) > 0, �

0 < k3 − (a+ b+ c)k2 + (ab+ bc+ ca)k − abc

< k3 − (a+ b+ c)k2 + (ab+ bc+ ca)k

= k(k2 − (a+ b+ c)k + (ab+ bc+ ca)).
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~ 6

� f(x) = x2+ bx+ c, y² |f(1)|, |f(2)|, |f(3)|¥��k��Ø�u 1

2
.

). Ï f(1) = 1 + b+ c, f(2) = 4 + 2b+ c, f(3) = 9 + 3b+ c, �

f(2)− f(1) = b+ 3, f(3)− f(2) = b+ 5,

Ïd

f(1)− 2f(2) + f(3) = 2.

dn�Ø�ª�

|f(1)|+ 2|f(2)|+ |f(3)| ≥ |f(1)− 2f(2) + f(3)| = 2.

¤± |f(1)|, |f(2)|, |f(3)| ¥��k��Ø�u 1

2
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~ 7

� a, b, c ∈ R, ac 6= 0, f(x) = ax2 + bx + c, g(x) = cx2 + bx + a, ��

|x| ≤ 1 �, |f(x)| ≤ 2. y²: � |x| ≤ 1 �, |g(x)| ≤ 4.

). d^�� |a − b + c| = |f(−1)| ≤ 2, |c| = |f(0)| ≤ 2, |a + b + c| =

|f(1)| ≤ 2. � |x| ≤ 1 �, |^n�Ø�ª, �

|g(x)| = |(cx2 − c) + (bx+ a+ c)|

≤ |c| · |x2 − 1|+ |bx+ a+ c|

≤ |c|+max{|b · (−1) + a+ c|, |b · 1 + a+ c|}

≤ 4.

5. e f(x) = Ax+B, K max
x∈[a,b]

|f(x)| = max{|f(a)|, |f(b)|}.
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�¢ê x1, x2, x3, y1, y2, y3 ÷v x21 + x22 + x23 ≤ 1. y²

(x1y1 + x2y2 + x3y3 − 1)2 ≥ (x21 + x22 + x23 − 1)(y21 + y22 + y23 − 1).

). �I3÷v x21 + x22 + x23 < 1 � y21 + y22 + y23 < 1 �^�ey².

ùÒ´þK� x0 = 1, y0 = 1 ��/.

~ 10 (Kantorovich)

� a1, · · · , an Ú λ1, · · · , λn Ñ´�ê,
n∑
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>
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> 1.

~ 12

®��ê a, b, c ÷v a ≤ b+ c, y²
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1 + a
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1 + b
+
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1 + c
.

). Ï f(x) =
x

1 + x
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>
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a1 + a2 + · · ·+ an +
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a1a2 · · · an
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+

1

a2
+ · · ·+ 1

an
+ a1a2 · · · an.

). é���ê n ^êÆ8B{. n = 1 �, w,¤á.
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1

a1 · · · ak+1
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−
( 1
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ak+1
+ a1 · · · ak+1
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=
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a1 + · · ·+ ak −

( 1
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+
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a1 · · · ak+1
− a1 · · · ak+1
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®� a, b, c ∈ R, y²
√
a2 + b2 +

√
b2 + c2 +

√
c2 + a2 ≥

√
2(a+ b+ c).

). dþ� (�²þ) Ø�ª�
√
a2 + b2 ≥ a+ b√

2
, �\=�.

~ 17

� n ´�u 1 ��ê, y² C1
n + C2

n + · · ·+ Cnn > n · 2
n−1
2 .

). Ï (1 + 1)n = C0
n + C1

n + C2
n + · · ·+ Cnn , �dþ�Ø�ª�

C1
n + C2

n + · · ·+ Cnn = 2n − 1 = 1 + 2 + 22 + · · ·+ 2n−1

=
1

2

(
(1 + 2n−1) + (2 + 2n−2) + · · ·+ (2n−1 + 1)

)
>

1

2
· n · 2

√
2n−1 = n · 2

n−1
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~ 18

� a, b, c ∈ R+, a+ 3b+ 5c = 15, y²:
√
a+
√
5b+

√
2c ≤

√
46.

). � x =
√
a, y =

√
5b, z =

√
2c, K x2 +

3

5
y2 +

5

2
z2 = 15. d Cauchy

Ø�ª� (x+ y + z)2 ≤
(
x2 +

3

5
y2 +

5

2
z2
)(

1 +
5

3
+

2

5

)
= 46.

~ 19

� a, b, c ´,n�/�n>�, y²:

a2

b+ c− a
+

b2

c+ a− b
+

c2

a+ b− c
≥ a+ b+ c.

). l Cauchy Ø�ª½��ÚØ�ªw´w,�, ½dþ�Ø�ª��

a2

b+ c− a
+ (b+ c− a) ≥ 2a, ¦Ì�Ú=�.
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~ 20

� x, y, z ∈ R+, y²:

y + z

2x
+
z + x

2y
+
x+ y

2z
≥ 2x

y + z
+

2y

z + x
+

2z

x+ y
.

). dþ�Ø�ªk (y + z)2 ≥ 4yz, �
y + z

yz
≥ 4

y + z
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x

y
+
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z
= x · y + z

yz
≥ 4x

y + z
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Ónk

y

z
+
y

x
≥ 4y

z + x
,

z

x
+
z

y
≥ 4z

x+ y
.
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®� an =
1

2

(
tn +

1

tn

)
(Ù¥

1

2
≤ t ≤ 2), Tn ´ê� {an} �c n �Ú.

y²:

Tn < 2n −
(√2

2

)n
.
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1

2
≤ t ≤ 2 � max

t∈[ 1
2
,2]

(
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1
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2n
. 2^þ�Ø�ª,

Tn ≤ 2n − 1 +
1
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2
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√
1

2n
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~ 23

� f(x) =
x

1 + x2
, y² f 3 [−1, 1] þî�O.

). � x, y ∈ [−1, 1], x 6= y, K

f(x)− f(y) = (x− y)(1− xy)
(1 + x2)(1 + y2)

.

Ï

xy =
1

4
((x+ y)2 − (x− y)2) < 1

4
(x+ y)2

=
1

4
|x+ y|2 ≤ 1

4
(|x|+ |y|)2 ≤ 1,

�

(f(x)− f(y))(x− y) = (x− y)2(1− xy)
(1 + x2)(1 + y2)

> 0.
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