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1 éN� f : X → Y , ¡8Ü

{y ∈ Y :�3 x ∈ X ¦� y = f(x)}

� f ���. Ï~r f ���P� f(X), Ran(f), ½ Rf .

2 e f : X → R ���¥k�����, K¡Ù����� f ���

�, d��` f k���.

Ï~r f ����P� min f , min
x∈X

f(x), ½ fmin.

3 e f : X → R ���¥k�����, K¡Ù����� f ���

�, d��` f k���.

Ï~r f ����P� max f , max
x∈X

f(x), ½ fmax.
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~ 1

1 f : R→ R, x 7→ x2 ���� [0,+∞), k��� 0, �vk���.

2 g : R→ R, x 7→ [x] ���� Z, vk���, �vk���.

3 h : R× R \ {(0, 0)} → R, (x, y) 7→ ln(x2 + y2) ���� R, vk�

��Ú���.

4 ðÓN� IX : X → X, x→ x ���� X.
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~ 2

� a, b ´�ê, a+ b = 2, ¦
1

1 + a
+

1

1 + b
����.

). d��ÚØ�ª�

1

1 + a
+

1

1 + b
=

12

1 + a
+

12

1 + b
≥ (1 + 1)2

(1 + a) + (1 + b)
= 1,

� a = b = 1 �,
1

1 + a
+

1

1 + b
= 1.

¤±, ¤¦����� 1.
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1
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����.

). d��ÚØ�ª�

1

1 + a
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1

1 + b
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12
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(1 + a) + (1 + b)
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1 + a
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1

1 + b
= 1.
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~ 3

� f(a, b) = (a+ 5− 3| cos b|)2 + (a− 2| sin b|)2, ¦ min
a,b∈R

f(a, b).

). d 2(x2 + y2) = (x+ y)2 + (x− y)2 � x2 + y2 ≥ 1

2
(x− y)2, Ïd

f(a, b) ≥ 1

2
(5− 3| cos b|+ 2| sin b|)2 ≥ 1

2
(5− 3)2 = 2.

� a = −1, b = π �, f(a, b) = 2.

¤± min
a,b∈R

f(a, b) = 2.
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~ 3
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~ 4

¦ z = (a− b)2 +
(√

2− a2 − 9

b

)2
����.

). � A(a,
√
2− a2), B

(
b,
9

b

)
, O(0, 0), �

z = |AB|2, |OA|2 = 2, |OB|2 = b2 +
81

b2
.

dþ�Ø�ª� |OB|2 = b2 +
81

b2
≥ 18, � |OB| ≥ 3

√
2.

dn�Ø�ª�

|AB| ≥ |OB| − |OA| = |OB| −
√
2 ≥ 2

√
2,

� z = |AB|2 ≥ 8. ©Û��^��, � (a, b) = (1, 3) � z = 8.

¤± zmin = 8.
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~ 5

� b ´¢ê, xk, yk (k = 1, 2, 3) þ��K¢ê, ¦

f =
√

(b−y1−y2−y3)2+x23+
√
y23+x

2
2+
√
y22+x

2
1+
√
y21+(x1+x2+x3)2

����.

). dn�Ø�ª�

f =
√

(b−y1−y2−y3)2+x23 +
√
y23+x

2
2 +

√
y22+x

2
1 +

√
y21+(x1+x2+x3)2

≥
√

((2007−y1−y2−y3) + y3+y2+y1)2+(x3+x2+x1+(−x1−x2−x3))2

= |b|.

� x1 = x2 = x3 = y1 = y2 = y3 = 0 � f = |b|. ¤± fmin = |b|.
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~ 6

®��ê a, b, c ÷v a + b + c = 1, ¦
1

a(1 + b)
+

1

b(1 + c)
+

1

c(1 + a)

����.

). d Cauchy Ø�ª, �∑
cyc

1

a(1 + b)
≥ 9∑

cyc
a(1 + b)

=
9∑

cyc
a+

∑
cyc
ab

=
9

1 +
∑
cyc
ab
.

2d 1 = (a+ b+ c)2 =
∑
cyc
a2 + 2

∑
cyc
ab ≥ 3

∑
cyc
ab, �∑

cyc

1

a(1 + b)
≥ 9

1 +
1

3

=
27

4
,

� a = b = c =
1

3
��Ò¤á, �¤¦�����

27

4
.
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~ 6

®��ê a, b, c ÷v a + b + c = 1, ¦
1
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+

1

b(1 + c)
+

1

c(1 + a)

����.

). d Cauchy Ø�ª, �∑
cyc
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∑
cyc
ab

=
9

1 +
∑
cyc
ab
.
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∑
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∑
cyc
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∑
cyc
ab, �∑
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1
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1 +
1
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=
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3
��Ò¤á, �¤¦�����
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4
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~ 7

� a, b ´�½��ê, ¦ y =
a

sinx
+

b

cosx
(0 < x <

π

2
) ����.

). d Hölder Ø�ª�

y =
a

sinx
+

b

cosx
=

(a
2
3 )

3
2

√
sin2 x

+
(b

2
3 )

3
2

√
cos2 x

≥
(
a

2
3 + b

2
3

) 3
2√

sin2 x+ cos2 x
=
(
a

2
3 + b

2
3
) 3

2 .

��=� x = arctan 3

√
a

b
�, y ����� ymin =

(
a

2
3 + b

2
3

) 3
2 .
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� a, b ´�½��ê, ¦ y =
a

sinx
+

b

cosx
(0 < x <

π

2
) ����.

). d Hölder Ø�ª�

y =
a

sinx
+

b

cosx
=

(a
2
3 )

3
2

√
sin2 x

+
(b

2
3 )

3
2

√
cos2 x

≥
(
a

2
3 + b

2
3

) 3
2√

sin2 x+ cos2 x
=
(
a

2
3 + b

2
3
) 3

2 .

��=� x = arctan 3

√
a

b
�, y ����� ymin =

(
a

2
3 + b

2
3

) 3
2 .
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~ 8

� c 6= 0, ��"¢ê a, b ÷v 4a2 − 2ab+ 4b2 − c = 0, �¦ |2a+ b| �

��,
3

a
− 4

b
+

5

c
����´ .

). � 2a+ b = t, K 2a = t− b, � (t− b)2 − (t− b)b+ 4b2 − c = 0, =

6b2 − 3bt+ t2 − c = 0.

Ï'u b ��g�§k¢�, � (3t)2 − 24(t2 − c) ≥ 0, = |t| ≤
√

8c

5
.

� |t| �����
√

8c

5
�, c =

5t2

8
, b =

t

4
, a =

3t

8
. d�

3

a
− 4

b
+

5

c
=

8

t
− 16

t
+

8

t2
= 8
(1
t
− 1

2

)2
− 2 ≥ −2.



9/29

~ 8

� c 6= 0, ��"¢ê a, b ÷v 4a2 − 2ab+ 4b2 − c = 0, �¦ |2a+ b| �

��,
3

a
− 4

b
+

5

c
����´ .

). � 2a+ b = t, K 2a = t− b, � (t− b)2 − (t− b)b+ 4b2 − c = 0, =

6b2 − 3bt+ t2 − c = 0.

Ï'u b ��g�§k¢�, � (3t)2 − 24(t2 − c) ≥ 0, = |t| ≤
√

8c

5
.

� |t| �����
√

8c

5
�, c =

5t2

8
, b =

t

4
, a =

3t

8
. d�

3

a
− 4

b
+

5

c
=

8

t
− 16

t
+

8

t2
= 8
(1
t
− 1

2

)2
− 2 ≥ −2.



10/29

~ 9

e a, b ∈ R+, a+
√
b2 + 8 = 4, K

3

a
+

1

b
����� .

). d Cauchy Ø�ª, k√
b2 + 8 =

√
b2 + 12 + · · ·+ 12 ≥ b+ 8

3
,

��=� b = 1 ���Ò. ¤±

4 = a+
√
b2 + 8 ≥ a+ b+ 8

3
=

3a+ b

3
+

8

3
,

= 3a+ b ≤ 4. 2d

4
(3
a
+

1

b

)
≥ (3a+ b)

(3
a
+

1

b

)
= 10 + 3

( b
a
+
a

b

)
≥ 16

�, ��=� a = b = 1 �,
3

a
+

1

b
���� 4.
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~ 10

� a, b, c > 0, abc+ a+ c = b, ¦ u =
2

a2 + 1
+

3

c2 + 1
− 2

b2 + 1
���

�.

). � a = tanα, c = tanβ, b = tan(α+ β), α, β, α+ β ∈
(
0,
π

2

)
, K

2

a2 + 1
+

3

c2 + 1
− 2

b2 + 1
= 2 cos2 α− 2 cos2(α+ β) + 3 cos2 β

=2 sinβ sin(2α+ β) + 3 cos2 β ≤ 2 sinβ + 3 cos2 β

=− 3 sin2 β + 2 sinβ + 3 =
10

3
− 3
(
sinβ − 1

3

)2
≤ 10

3
,

��=� sin(2α+ β) = 1 � sinβ =
1

3
�,

= α =
1

2
arccos

1

3
� β = arcsin

1

3
�,

�= a =

√
2

2
, b =

√
2, c =

√
2

4
�, u ����

10

3
.
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~ 10
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���
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2
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4
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3
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~ 11

� x, y ∈ R, x2 + y2 ≤ 1. ¦ u = x+ y − xy ����.

). � x = r cos θ, y = r sin θ, Ù¥ 0 ≤ r ≤ 1, 0 ≤ θ < 2π.

� 0 < r ≤ 1 �, u = r(sin θ + cos θ)− r2 sin θ cos θ.

� sin θ + cos θ = t (−
√
2 ≤ t ≤

√
2), K sin θ cos θ =

t2 − 1

2
, u´

u = rt− r2

2
(t2 − 1) =

r2 + 1

2
− r2

2

(
t− 1

r

)2
≤ r2 + 1

2
≤ 1,

��=� r = 1 � t = 1, = (x, y) = (1, 0) ½(0, 1) �, umax = 1.

) 2. � x+ y = t, K t2 = x2 + y2 + 2xy ≤ 1 + 2xy, = xy ≥ t2 − 1

2
.

Ïd x+ y − xy ≤ t− t2 − 1

2
= 1− (t− 1)2

2
≤ 1.
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~ 12

� x, y ∈ R, � 4x2 − 5xy + 4y2 = 5, P S = x2 + y2. ¦
1

Smin
+

1

Smax
.

). � x2 =
S

2
+ t, y2 =

S

2
− t, �\ 4x2 − 5xy + 4y2 = 5 ¥, �n�

(4S − 5)2 = 25
(S2

4
− t2

)
,

u´

39S2 − 160S + 100 = −100t2 ≤ 0,

)Ñ
10

13
≤ S ≤ 10

3
.

²u��, ��=� x = y �, Smax =
10

3
; x = −y �, Smin =

10

13
.
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~ 13

®� x, y, z ∈ R+, ÷v

x2

1 + x2
+

y2

1 + y2
+

z2

1 + z2
= 2,

¦
x

1 + x2
+

y

1 + y2
+

z

1 + z2
����.

). d^��
1

1 + x2
+

1

1 + y2
+

1

1 + z2
= 1. 2d Cauchy Ø�ª�

2 =
( x2

1 + x2
+

y2

1 + y2
+

z2

1 + z2

)( 1

1 + x2
+

1

1 + y2
+

1

1 + z2

)
≥
( x

1 + x2
+

y

1 + y2
+

z

1 + z2

)2
.

Ïd¤¦�����
√
2.
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~ 14

®� a, b, c ∈ R+, abc = 1, ¦ S =
1

2a+ 1
+

1

2b+ 1
+

1

2c+ 1
����.

). � a =
x

y
, b =

y

z
, c =

z

x
, Ù¥ x, y, z ∈ R+ (�åUùo�?), K

S =
y

2x+ y
+

z

2y + z
+

x

2z + x

=
y2

y(2x+ y)
+

z2

z(2y + z)
+

x2

x(2z + x)

≥ (x+ y + z)2

y(2x+ y) + z(2y + z) + x(2z + x)
= 1.

� x = y = z, = a = b = 1 � S = 1.

¤± S ����� 1.
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~ 15

� x > 0, y > 0, x+ y = 1, ¦
(
x+

1

x

)2
+
(
y +

1

y

)2
����.

). � x =
1

2
− d, y =

1

2
+ d, Ù¥ |d| < 1

2
, K(

x+
1

x

)2
+
(
y +

1

y

)2
≥ 2
(
x+

1

x

)(
y +

1

y

)

=
8d4 + 12d2 +

25

2
1− 4d2

≥ 25

2
,

� x = y =
1

2
�, �Ò¤á. Ïd, ¤¦����

25

2
.

5. e�ê x1, · · · , xn ÷v
n∑
j=1

xj = 1, K
n∑
j=1

(
xj +

1

xj

)2
�����

(1 + n2)2

n
.
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(1) ��ê x, y ÷v x+ 2y = 1, ¦ z =
1

x
+

1
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����.
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√
2a+ 1 +
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√
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√
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~ 17

�¢ê x, y, z ÷v x2 + y2 + z2 = 1, ¦ u = xy + 2xz ����.

). � 0 < λ < 1, dþ�Ø�ª�

1 = x2+ y2+ z2 = (λx2+ y2)+
(
(1−λ)x2+ z2

)
≥ 2
√
λxy+2

√
1− λxz.

- 2
√
λ : 2
√
1− λ = 1 : 2, � λ =

1

5
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��

1 =x2 + y2 + z2 =
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5
x2 + y2
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5
x2 + z2
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(xy + 2xz),
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x2 = y2,
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5
x2 = z2,

x2 + y2 + z2 = 1 ��Ò¤á.

¤±� (x, y, z) =
(√2

2
,

√
10
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√
10

5

)
½
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−
√
2

2
,−
√
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,−
√
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5

)
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√
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�¢ê x, y ÷v 3 ≤ xy2 ≤ 8, 4 ≤ x2

y
≤ 9, ¦

x3

y4
�����.

). d
x3

y4
=
(x2
y

)2( 1

xy2

)
, ±9¤��Ø�ª, �

2 = 42 · 1
8
≤ x3

y4
≤ 92 · 1

3
= 27.
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~ 19

� g : R \ {0} → R, x 7→ 1

2

(
x+

1

x

)
, ¦ g ���.

). e x ∈ R \ {0}, Ï x �
1

x
ÓÒ, �dn�Ø�ªÚþ�Ø�ª�

|g(x)| =
∣∣∣1
2

(
x+

1

x

)∣∣∣ = 1

2

(
|x|+

∣∣∣1
x

∣∣∣) ≥ 1,

Ïd Rg ⊆ (−∞,−1] ∪ [1,+∞).

� z ∈ (−∞,−1] ∪ [1,+∞). - x = z +
√
z2 − 1, K x ∈ R \ {0}, �

g(x) =
1

2

(
z +

√
z2 − 1 +

1

z +
√
z2 − 1

)
= z,

� z ∈ Rg. Ïd (−∞,−1] ∪ [1,+∞) ⊆ Rg.

nþk Rg = (−∞,−1] ∪ [1,+∞).
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�¢ê x, y ÷v x2 + 2xy − 1 = 0, ¦ x+ y �����.

). � D = {(x, y) ∈ R× R : x2 + 2xy − 1 = 0}.

¯K�: ¦N� f : D → R, (x, y)→ x+ y, ���.

Ï D =
{(
x,

1− x2

2x

)
∈ R× R : x 6= 0

}
, �

f(D) =
{
x+

1− x2

2x
: x ∈ R \ {0}

}
.

� g : R \ {0} → R , x 7→ 1
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~ 21

�¢ê x, y ÷v x2 − 3xy + y2 = 2, ¦ x2 + y2 �����.

). - x = u+ v, y = u− v, K

x2 + y2 = 2(u2 + v2), 5v2 − u2 = 2.

d

5(v2 + u2) = (5v2 − u2) + 6u2 = 2 + 6u2 ≥ 2,

� u2 + v2 ≥ 2

5
. Ïdk

x2 + y2 = 2(u2 + v2) ≥ 4

5
,

� u = 0 ���Ò.

¤± x2 + y2 ����´
[4
5
,+∞

)
.
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�¢ê x, y ÷v x2 − xy + y2 = 1, ¦ x2 − y2 �����.

). ������E�O� x = u+ v, y = u− v, K u2 + 3v2 = 1,

x2 − y2 = 4uv.

2� u = cos t, v =
1√
3
sin t, K

x2 − y2 = 4uv =
4√
3
sin t cos t =

2√
3
sin 2t.

¤± x2 − y2 �����´
[
− 2√

3
,

2√
3

]
.



23/29

~ 22

�¢ê x, y ÷v x2 − xy + y2 = 1, ¦ x2 − y2 �����.

). ������E�O� x = u+ v, y = u− v, K u2 + 3v2 = 1,

x2 − y2 = 4uv.

2� u = cos t, v =
1√
3
sin t, K

x2 − y2 = 4uv =
4√
3
sin t cos t =

2√
3
sin 2t.

¤± x2 − y2 �����´
[
− 2√

3
,

2√
3

]
.



24/29

~ 23

¦¼ê f(x) =
x4 − 8x3 + 23x2 − 28x+ 21

x2 − 4x+ 4
(|x| ≤ 1) ���.

). d

x4 − 8x3 + 23x2 − 28x+ 21 = (x− 2)4 − (x− 2)2 + 9

�

f(x) = (x− 2)2 +
9

(x− 2)2
− 1.

d |x| ≤ 1 �

1 ≤ (x− 2)2 ≤ 9.

Ïd f(x) ���� [5, 9].
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~ 24

e�ê x, y ÷v
7x− 9y

xy + y2
= x, K y ���´ .

). d^�� (x2 + 9)y = x(7− y2), �
7− y2

y
=
x2 + 9

x
≥ 6.

� 0 < y ≤ 1.
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e�ê x, y ÷v x+
2

x
+ 3y +

4

y
= 10, ¦ xy Ú

y

x
���.

). dþ�Ø�ª�
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x+

4

y

)
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(
3y+

2

x
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√(
x+

4

y

)(
3y +

2

x
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√
3xy +

8

xy
+ 14,

� 3xy+
8

xy
+14 ≤ 25, Ïd 1 ≤ xy ≤ 8

3
.��=� x+

4

y
= 3y+

2

x
= 5,

= (x, y) = (1, 1) � xy = 1; ��=� (x, y) =
(
2,

4

3

)
� xy =

8

3
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y
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4x

y
≤ 11, � 6
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x

)2
− 11

(y
x
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+ 4 ≤ 0, Ïd

1

2
≤ y

x
≤ 4

3
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~ 26

e¢ê x, y ÷v x− 4
√
y = 2

√
x− y, K x ���´ .

). �
√
y = a (a ≥ 0),

√
x− y = b (b ≥ 0), K x = a2 + b2, ¿�

a2 + b2 − 4a = 2b,

=

(a− 2)2 + (b− 1)2 = 5, a ≥ 0, b ≥ 0.

5¿ a2 + b2 L«� (x− 2)2 + (y − 1)2 = 5 þ�: (a, b) ��:ål�

²�, ¤± x �����´ {0} ∪ (4, 20].
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e¢ê x, y ÷v x2 + xy − 2y2 = 1, ¦ S = 3x2 − y2 ���.

). Ï (x + 2y)(x − y) = 1, �- x + 2y = m, x − y = n, K mn = 1,

x =
m+ 2n

3
, y =

m− n
3

, Ïd, dþ�Ø�ª�

S =
2

9
m2 +

11

9
n2 +

14

9
mn ≥ 2

√
22

9
mn+

14

9
mn =

2
√
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9
+

14

9
,

��=�
√
2m =

√
11n � mn = 1 ���Ò.
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~ 28

e a, b ÷v a
√
1− b2 + b

√
1− a2 = 1, ¦ a2 + b2 �����.

). d Cauchy Ø�ª�

1 =
(
a
√

1− b2 + b
√

1− a2
)2
≤ (a2 + 1− a2)(b2 + 1− b2) = 1.

d��^��
√
1− a2

√
1− b2 = ab, �n=� a2 + b2 = 1.
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