
�c�êÆ II1ÊÙØ�ªÚ��

§ 5.5 Ø�ª¥�ëê

version β1.0

2023c 4 � 18 F, (Ï�



1/21

1 ð¤á¯K

(i) f(x) ≥ λ é x ∈ D ð¤á ⇐⇒ λ ≤ inf
x∈D

f(x).

(ii) f(x) ≤ λ é x ∈ D ð¤á ⇐⇒ λ ≥ sup
x∈D

f(x).

2 U¤á¯K

(i) �3 x0 ∈ D ¦ f(x0) > λ ¤á ⇐⇒ λ < sup
x∈D

f(x).

(ii) �3 x0 ∈ D ¦ f(x0) < λ ¤á ⇐⇒ λ > inf
x∈D

f(x).

♣ e f 3 D þk���Ú���, K

(iii) �3 x0 ∈ D ¦ f(x0) ≥ λ ¤á ⇐⇒ λ ≤ max
x∈D

f(x).

(iv) �3 x0 ∈ D ¦ f(x0) ≤ λ ¤á ⇐⇒ λ ≥ min
x∈D

f(x).

3 T¤á¯K

f(x) > λ T38Ü D þ¤á ⇐⇒ f(x) > λ �)8� D.
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~ 1

¦¦�'u x �Ø�ª
√
x− 3 +

√
6− x ≥ k k)�¢ê k ����.

). � f(x) =
√
x− 3 +

√
6− x, d Cauchy Ø�ª�

(f(x))2 ≤ ((x− 3) + (6− x)) · (1 + 1) = 6,

� x =
9

2
��Ò¤á, � f(x) �����

√
6.

¤±¦� f(x) ≥ k k)� k �����
√
6.
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~ 2

�é?¿ x, y ∈ R+, Ø�ª
√
x +
√
y ≤ a

√
x+ y Ñ¤á, ¦ a ���

�,

). dþ�Ø�ª�(√x+
√
y

√
x+ y

)2
≤ 2
( x

x+ y
+

y

x+ y

)
= 2,

��=� x = y ��Ò¤á, � k �����
√
2.
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~ 3

� x, y, z ´��n�/�n>�, � z ´�>�. �Ø�ª

x2(y + z) + y2(z + x) + z2(x+ y) ≥ kxyz

ð¤á�, ¦ëê k ����, ¿�ÑÛ��Ò¤á.

). Ø�� z = 1, x = cos t, y = sin t, ±9 x ≥ y, = 0 < t ≤ π

4
.

P p = sin t+ cos t, K 1 < p ≤
√
2, Ïd

x2(y + z) + y2(z + x) + z2(x+ y)

xyz
=

2 + (sin t+ cos t)(2 + 2 sin t cos t)

2 sin t cos t

=
2 + p(2 + p2 − 1)

p2 − 1
= (p− 1) +

2

p− 1
+ 1 ≥ (

√
2− 1) +

2√
2− 1

+ 1

= 2 + 3
√
2. ��=� sin t + cos t =

√
2, = t =

π

4
��Ò¤á. ¤± k

����� 2 + 3
√
2.
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~ 4

e a, b, c, k ∈ R+, �
kabc

a+ b+ c
≥ (a+ b)2+(a+ b+4c)2, ¦ k ����.

). dþ�Ø�ª, � a+ b+ c =
a

2
+
a

2
+
b

2
+
b

2
+ c ≥ 5

5

√
a2b2c

16
, ±9

(a+ b)2 + (a+ b+ 4c)2 = (a+ b)2 + ((a+ 2c) + (b+ 2c))2

≥ (2
√
ab)2 + (2

√
2ac+ 2

√
2bc)2

= 4(ab+ 2ac+ 2bc+ 2c
√
ab+ 2c

√
ab)

≥ 20
5
√
16a3b3c4.

Ïdk

((a+ b)2 + (a+ b+ 4c)2) · (a+ b+ c)

abc
≥ 100,

��=� a = b = 2c ��Ò¤á. ¤± k ����� 100.



6/21

~ 5

XJ'u x �Ø�ª ax2−|x+1|+2a < 0 �)8��8, ¦ a ���.

). Ø�ª ax2 − |x+ 1|+ 2a < 0 �)8��8 ⇐⇒ é?¿� x ∈ R

Ñk ax2 − |x+ 1|+ 2a ≥ 0, = a ≥ |x+ 1|
x2 + 2

. ¤± a ≥ sup
x∈R

{ |x+ 1|
x2 + 2

}
.

P f(x) =
|x+ 1|
x2 + 2

, K f(−1) = 0. � x 6= −1 �, f(x) 6= 0,

1

f(x)
=

(x+ 1)2 − 2(x+ 1) + 3

|x+ 1|
= |x+ 1|+ 3

|x+ 1|
− 2

x+ 1

|x+ 1|

≥ |x+ 1|+ 3

|x+ 1|
− 2 ≥ 2(

√
3− 1).

¤± f(x) ≤ 1

2(
√
3− 1)

=

√
3 + 1

4
. 
 f(

√
3− 1) =

√
3 + 1

4
, � f ��

���

√
3 + 1

4
, Ïd a �����´

[√3 + 1

4
, +∞

)
.



7/21

~ 6

�¢ê a ¦Ø�ª |2x − a| + |3x − 2a| ≥ a2 é?¿� x ð¤á, ¦÷

v^�� a |¤�8Ü A.

). w, 0 ∈ A. � a 6= 0 �, � x = ka, Ké?¿� k ∈ R, ðkØ�ª

|2k − 1|+ |3k − 2| ≥ |a|.

¤± |a| ≤ 1

3
. nþ, A =

[
− 1

3
,
1

3

]
.
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~ 7

e x ∈ [−1, 1] �, ax3 − 3x+ 1 ≥ 0 ð¤á, ¦ a ���.

). (){ 1) � x = sin t, t ∈
[
− π

2
,
π

2

]
. d sin 3t = 3 sin t − 4 sin3 t �

(4 − a) sin3 t ≤ 1 − sin 3t ð¤á. � t =
π

6
, � a ≥ 4; � t = −π

2
, �

a ≤ 4. ¤±7Lk a = 4. �L5���y a = 4 �, þªð¤á.

(){ 2) � 0 < x ≤ 1, K a ≥ 3x− 1

x3
, Ïdé?¿� t ≥ 1 Ñk

a ≥ t2(3− t), � a ≥ sup
t≥1

t2(3− t). Ï t2(3− t) = 4 · t
2
· t
2
(3− t) ≤ 4, �

� t = 2 ��Ò¤á, � sup
t≥1

t2(3− t) = 4. ¤± a ≥ 4.

é?¿� t ≥ 1 Ñk −1 ≤ −1

t
< 0, � a

(
− 1

t

)3 − 3
(
− 1

t

)
+ 1 ≥ 0, Ï

d a ≤ 3t2 + t3, 2düN5� a ≤ inf
t≥1

(3t2 + t3) = 4, � a = 4.
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~ 8

e x ∈ [−1, 1] �, f(x) = ax5− 20x3 +5x− 1 ≤ 0 ð¤á, ¦ a ���.

� x = sin t. d sin 5t = 5 sin t− 20 sin3 t+ 16 sin5 t, �

(a− 16) sin5 t ≤ 1− sin 5t

ð¤á. � t =
π

10
, � a ≤ 16; � t =

13

10
π, � a ≥ 16. ¤± a = 16.
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~ 9

� x > 0, a > 0, ¦¦Ø�ª
√
1 + x ≥ 1 +

x

2
− x2

a
¤á� a ����.

). �
√
1 + x = t, Ù¥ t > 1, K x = t2 − 1. K¥Ø�ª=

t− 1 ≥ t2 − 1

2
− (t2 − 1)2

a
,

= 1 ≥ t+ 1

2
− (t− 1)(t+ 1)2

a
, ½=

t− 1

2
≤ (t− 1)(t+ 1)2

a
, 2C/�

1

2
≤ (t+ 1)2

a
.

Ï�þªé?¿� t > 1 ð¤á, ¤± a > 0, � a ≤ 2(t+ 1)2 é?¿�

t > 1 ð¤á.

¤± a ����� 8.
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~ 10

®�Ø�ª

√
2(2a+ 3) cos

(
θ − π

4

)
+

6

sin θ + cos θ
− 2 sin 2θ ≤ 3a+ 6

é θ ∈
[
0,
π

2

]
ð¤á, ¦ a ���.

). P x = cos θ + sin θ, K
√
2 cos

(
θ − π

4

)
= x, sin 2θ = x2 − 1, Ïd¯

K�^��U��: Ø�ª

(2a+ 3)x+
6

x
− 2(x2 − 1) ≤ 3a+ 6

é x ∈ [1,
√
2] ð¤á. Ï 3− 2x > 0, �þª=� a ≥ x+

2

x
.

Ï max
x∈[1,

√
2]

{
x+

2

x

}
= 3, � a ������ [3,+∞).
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~ 11

� a, b, c Ñ´�ê, � a+ b+ c = λ, eØ�ª

1

a(1 + λb)
+

1

b(1 + λc)
+

1

c(1 + λa)
≥ 27

4
(∗)

ð¤á, ¦ λ ���.

). Ï λ2 = (a2 + b2 + c2) + 2(ab+ bc+ ca) ≥ 3(ab+ bc+ ca), �

1

a(1 + λb)
+

1

b(1 + λc)
+

1

c(1 + λa)
≥ 9

a(1 + λb) + b(1 + λc) + c(1 + λa)

=
9

(a+ b+ c) + λ(ab+ bc+ ca)
≥ 9

λ+
λ3

3

=
27

3λ+ λ3
.

¿�� a = b = c =
λ

3
��Ò¤á. ¤±, �¦ (∗) ð¤á, 7L��I

λ > 0 �
27

3λ+ λ3
≥ 27

4
. Ïd λ �����´ (0, 1].
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~ 12

®� a ∈ (0, 1), Á(½ t �����, ¦Ø�ª ax2 + ty2 ≥ (ax+ ty)2

é?¿¢ê x, y Ñ¤á.

). Ø�ª�C/� a(1− a)x2 − (2aty)x+ t(1− t)y2 ≥ 0. |^�g¼

ê5��, �¦Ø�ªé?¿� x, y ∈ R Ñ¤á, 7L��I: é?¿�

y ∈ R, Ñk

(2aty)2 − 4a(1− a)t(1− t)y2 ≤ 0.

ù�du 4a2t2 − 4a(1− a)t(1− t)) ≤ 0, =

t(t− (1− a)) ≤ 0.

¤± t �����´ [0, 1− a].
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~ 13

®� f(x) = loga

(
x+

a

x
− 4
)
���� R, ¦ a �����.

). Äk a > 0 � a 6= 1. f �½Â��

Df =
{
x : x 6= 0, x+

a

x
− 4 > 0

}
=
{
x : x > 0, x+

a

x
− 4 > 0

}

=


(0, 2−

√
4− a) ∪ (2 +

√
4− a,+∞), a ≤ 4,

(0,+∞), a > 4.

5¿, f ���� R ⇐⇒ g(x) = x +
a

x
− 4 (x ∈ Df ) ��� Rg �

(0,+∞).

� a ≤ 4 �, Rg = (0,+∞). � a > 4 �, Rg = [2
√
a− 4,+∞) 6= R.

¤± a ���´ (0, 1) ∪ (1, 4].
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~ 14

½Â3 R+ þ�¼ê f ÷v

(i) �3 a > 1 ¦� f(a) 6= 0,

(ii) é?¿� b ∈ R, k f(xb) = bf(x).

e�§ f(mx)f(mx2) = 4(f(a))2 �¤k)�u 1, ¦ m �����.

). �½ a > 1 ¦� f(a) 6= 0. d (ii) � f(x) = f(aloga x) = f(a) loga x,

u´¤���§�
(
logam+ loga x

)(
logam+ 2 loga x

)
= 4.

P logam = n, loga x = y, K�§C� 2y2 + 3ny + n2 − 4 = 0.

Ï'u x �§�)Ñ�u 1, ¿�X'u y ��§�)Ñ´�ê, �k

(3n)2 − 8(n2 − 4) ≥ 0, −3n

2
> 0,

n2 − 4

2
> 0.

)Ñ n < −2. ¤± m �����´
(
0,

1

a2

)
.
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~ 15

�'u x �Ø�ª lg2 x − (2 +m) lg x + (m − 1) > 0 éu |m| ≤ 1 ð

¤á, ¦ x ���.

). P lg x = y, KØ�ªC� y2 − (2 +m)y + (m− 1) > 0.

P f(m) = (1− y)m+ (y2 − 2y − 1)), K� m ∈ [−1, 1] � f(m) > 0 ð

¤á.

ùÒ¿�X f(−1) > 0, f(1) > 0, = y2 − y − 2 > 0, y2 − 3y > 0.

)Ñ y < −1 ½ y > 3, ?
� x ���´
(
0,

1

10

)
∪ (103,+∞).
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~ 16

¦¦Ø�ª sin2 x + a cosx + a2 ≥ 1 + cosx é?¿� x ∈ R ð¤á�

Kê a ���.

). Ø�ª�C/�(
cosx+

1− a
2

)2
≤ a2 + (a− 1)2

4
.

Ï� a < 0,�
(
cosx+

1− a
2

)2
3 cosx = 1������

(
1+

1− a
2

)2
.

¤± (
1 +

1− a
2

)2
≤ a2 + (a− 1)2

4
.

)Ñ a ≤ −2.
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~ 17

� x, y ∈ R+, � x+ y = k, ¦¦(
x+

1

x

)(
y +

1

y

)
≥
(k
2
+

2

k

)2
ð¤á� k ���.

). e x = y =
k

2
, KØ�ª¤��Ò. e� x 6= y, Ø�� x > y.

P m =
k

2
, x = m+ t, y = m− t, Ù¥ 0 < t < m. u´Ø�ªC�(
m+ t+

1

m+ t

)(
m− t+ 1

m− t

)
≥
(
m+

1

m

)2
,

²z{�n�� t2 ≥ m4 − 4m2 − 1

m2
. dªé?¿� t ∈ (0,m) Ñ¤á

�¿�^�´ m4 − 4m2 − 1 ≤ 0. 25¿ m > 0, Ò�� m �����

´ (0,
√
2 +
√
5), Ïd k ���´ (0, 2

√
2 +
√
5).
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~ 18

eé?¿� x ∈
[1
6
,
1

3

]
, Ø�ª |a − lnx| > ln

3x+ 2

3
ð¤á, ¦ a �

��.

). k�Ä�¡: e�3 x ∈
[1
6
,
1

3

]
, ¦ |a − lnx| ≤ ln

3x+ 2

3
¤á, ¦

a ���.

d |a− lnx| ≤ ln
3x+ 2

3
, � ln

3x+ 2

3
≥ 0, � x ≥ 1

3
.

2d x ∈
[1
6
,
1

3

]
� x =

1

3
, Ïd a = − ln 3.

¤± a ���´ (−∞,− ln 3) ∪ (− ln 3,+∞).
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~ 19

� M =
{
y : y =

x2 +mx+ 4

x2 − x+ 4
, x ≤ 1

}
. e?� a, b, c ∈ M , Ñ�¦±

a, b, c ��Ý��ãU
¤���n�/�n>, ¦ m ���.

). 5¿� y = 1 +
(m+ 1)x

x2 − x+ 4
= 1 +

(m+ 1)x

x2 − x+ 4
(x ≤ 1, x 6= 0).

� x ≤ 1 � x 6= 0 �, k x +
4

x
− 1 ≤ −5, ½ x +

4

x
− 1 ≥ 4; Ïd

−1

5
≤ x

x2 − x+ 4
≤ 1

4
.

�m ≥ −1�,M =
[4−m

5
,
5 +m

4

]
,�m < −1�,M =

[5 +m

4
,
4−m

5

]
.

�K¿, é?¿ a, b, c ∈M ðk a+ b > c, = 2 · ymin > ymax. âd��

ü�'u m �Ø�ª|. ùü�Ø�ª|�)©O´ −1 ≤ m <
7

13
Ú

−17

7
< m < −1. ¤±, m ����

(
− 17

7
,
7

13

)
.
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~ 20

®� f(x) = x4 + ax3 + bx2 + x ÷v f(3) = 3, f(x) ≥ x, ¦ a, b.

). d f(3) = 3 � b = −(3a+ 9), Ïd

f(x) = x4 + ax3 − (3a+ 9)x2 + x.

Ïé?¿ x ∈ R Ñk f(x) ≥ x, =

x2(x2 + ax− 3a− 9) ≥ 0,

¤±� x 6= 0 �, ok

x2 + ax− 3a− 9 ≥ 0.

âd�� a2 + 4(3a+ 9) ≤ 0, = (a+ 6)2 ≤ 0. ¤± a = −6, b = 9.


